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Abstract. This paper is an attempt to unify the multivariable operator model theory for ball-like 
domains and commutative polydiscs, and extend it to a more general class of noncommutative poly- 
domains DJP('H) in B('H)". An important role in our study is played by noncommutative Berezin 
transforms associated with the elements of the polydomain. These transforms are used to prove that 
each such polydomain has a universal model W = {Wij} consisting of weighted shifts acting on a 
tensor product of full Fock spaces. We introduce the noncommutative Hardy algebra F°°(D™) as the 
weakly closed algebra generated by {W^ij} and the identity, and use it to provide a WOT-continuous 
functional calculus for completely non-coisometric tuples in D?'('H), which are identified. It is shown 
that the Berezin transform is a completely isometric isomorphism between _F°°(DJJ^) and the algebra of 
bounded free holomorphic functions on the radial part of D?'('H). A characterization of the Beurling 
type joint invariant subspaces under {Wij} is also provided. 

It has been an open problem for quite some time to find significant classes of elements in the commu- 
tative polidisc for which a theory of characteristic functions and model theory can be developed along 
the lines of the Sz.-Nagy— Foias theory of contractions. We give a positive answer to this question, in 
our more general setting, providing a characterization for the class of tuples of operators in DJJ^('H) 
which admit characteristic functions. The characteristic function is constructed explicitly as an arti- 
fact of the noncommutative Berezin kernel associated with the polydomain, and it is proved to be a 
complete unitary invariant for the class of completely non-coisometric tuples. Using noncommutative 
Berezin transforms and C*-algebras techniques, we develop a dilation theory on the noncommutative 
polydomain DJJ'('H). 
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Introduction 



Throughout this paper, we denote by B{H) the algebra of bounded hnear operators on a Hilbert 
space H. A polynomial q G C[Zi, . . . , Z„] in n noncomniuting indeterminates is called positive regular 
if all its coefficients are positive, the constant term is zero, and the coefficients of the linear terms 
Zi, . . . , Zn are different from zero, li X = {Xi, . . . , Xn) G B{'H)^ and q = ^^ a^Za, we define the map 
$,,x : B[U) ^ B{U) by setting <^^,x{y) ■= Y^^^o^X^y^l- 
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Given two fc-tuples m := {mi, . . . , trik) and n :— (ni, . . . , Uk) with rm, rii € N := {1, 2, . . .}, and a k- 
tuple q = {qi, . . . ,qk) of positive regular polynomials q-i G C[Zi, . . . , ZnJ, we associate with each element 
X = (Xi, . . . , Xfc) e -B(H)"i X • • • X 5(7^)"'= the de/eci mapping Aj^x : -^(H) ^ B{n) defined by 

We denote by B(H)"i x^- • • XcBlH)"" the set of ah tuples X = (Xi,...,Xfe) G B(H)"i x ■ ■ ■ x B{nY\ 
where X^ := (X^^i, . . . ,Xi,nJ G -B(H)"S i G {1, . . . , fc}, with the property that, for any p, g G {1, . . . ,fc}, 
p ^ q, the entries of Xp are commuting with the entries of Xq. In this case we say that Xp and Xq are 
commuting tuples of operators. Note that the operators X^.i, . . . , Xi^m are not necessarily commuting. 

In this paper, we develop an operator model theory and a theory of free holomorphic functions on the 
noncommutative polydomains 

Ti^m := {X = (Xi, . . . , Xk) G Binr^ Xc---Xc BCnr" : A^ ^W > for < p < m} . 

Our study is an attempt to unify the multivariable operator model theory for the ball-like domains and 
commutative polydiscs, and to extend it further to the above-mentioned polydomains. The main tool in 
our investigation is a Berezin |13j type transform associated with the abstract noncommutative domain 
D™ := {DJ^(-H) : -H is a Hilbert space}. 

In the last sixty years, this type of polydomains has been studied in several particular cases. Most of 
all, we mention the study of the closed operator unit ball 

[Bi-H)]^ := {X G B{n) : I - XX* > 0} 

(which corresponds to the case k — ni =^ mi = 1, and qi = Z) which has generated the celebrated 
Sz.-Nagy-Foias [54] theory of contractions on Hilbert spaces and has had profound implications in func- 
tion theory, interpolation, and linear systems theory. When k — ui — 1, mi > 2, and qi = Z, the 
corresponding domain coincides with the set of all m-hypercontractions studied by Agler in [I], [5], and 
recently by Olofsson j^. [50]. 

In several variables, the case when fc = 1, ni > 2, toi = 1, and qi — Zi + ■ ■ ■ + Zn, corresponds to the 
closed operator ball 

[B{nr]i - {(^1, • ■ • , ^n) e B{Hr : / - Xix: x^x: > o} 

and its study has generated a free analogue of Sz.-Nagy-Foias theory (see [22], [TJ, [33], [31], [3S], [55] . 
[37] . [35], [^, [IS], [20], [H], [H], [S], [13, and the references there in). The commutative case was 
considered by Drurry [2T], extensively studied by Arveson [S], [B], and also in [35], [H], [5], and [TU]. We 
should remark that, in recent years, many results concerning the theory of row contractions were extended 
by Muhly and Solel ([26], [27], [28]) to representations of tensor algebras over C*-correspondences and 
Hardy algebras. We mention that in the particular case when k — 1 and qi is a positive regular polynomial, 
the corresponding domain was studied in [46], if mi = 1, and in [42], [48], [49], when mi > 2. The 
commutative case when rni > 2, ni > 2, and qi ^ Zi + ■ ■ ■ + Z^, was studied by Athavale [7], Miiller 
[24] , Miiller- Vasilescu [25] , Vasilescu [56] , and Curto-Vasilescu [16] . Some of these results were extended 
by S. Pott |51j when qi is a positive regular polynomial in commuting indeterminates. 

The commutative polydisc case, i.e, k > 2, ni = ■ ■ ■ = Uk = I, and q = (Zi, . . . , Zk), was first 
considered by Brehmer [15] in connection with regular dilations. Motivated by Agler's work [2] on 
weighted shifts as model operators, Curto and Vasilescu developed a theory of standard operator models 
in the polydisc in [17], [18]. Timotin [55] was able to obtain some of their results from Brehmer's theorem. 

The polyball case, when fc > 2 and qi = Zi-\ h Z„., ? G {1, . . . , fc}, was considered in [35] and [TT] for 

the noncommutative and commutative case, respectively. As far as we know, unlike the ball case, there 
is no theory of characteristic functions, analoguos to the Sz.-Nagy-Foias theory, for significant classes of 
operators in the polydisc (or polyball) case. 

In Section 1, we work out some basic properties of the noncommutative polydomains D™(7{). One 
of the main results, which plays an important role in the present paper, states that any podydomain 
D™(H) is radial, i.e., rX G D™(H) whenever X G Tf'^l'H) and r G [0,1). This fact has also an 
important consequence in the particular case when k — 1, namely, that all the results from [42] , [48] , [49] , 
which were proved in the setting of the radial part of D™i {'H), are true for any domain D™i {'H). 
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In Section 2, we introduce the noncommutative Berezin transform at T G D™('H) to be the mapping 
Bt : B(®^^iF2(i?„J) ^ B{n) defined by 

Bt[5] :- K;^t(.9 ® /«)Kq,T, 9 e B(®ti^'(^nJ), 

where F'^{Hn-) is the fuU Fock space on n^ generators and 

Kq^T : n ^ F^Hn,) ® • • • ® F2(H„J A^ylKH) 

is the noncommutative Berezin kernel associated with T, which is defined in terms of the coefficients 
of the positive regular polynomials qi,...,qk- We remark that in the particular case when H = C, 
q = (Zi, . . . , Zk), T = A = (Ai, . . . , Xk) S B'^, and nii = ni = 1 for any i G {1, . . . , fc}, we recover the 
Berezin transform of a bounded linear operator on the Hardy space H'^{U^), i.e., 

fe 
BA[ff] = 11(1 - |A,|2) {gk^.ky) , g G B{H\o'')), 

1=1 

where kx{z) := ni=i(l ~ A^z-j)"^ and z = (zi,...,2;fe) G D*^. 

The noncommutative Berezin transforms are used to prove the main result of this section (Theorem 
12. 2p which shows that each polydomain D™('H) has a universal model W — {Wi.j} consisting of weighted 
shifts acting on a tensor product of full Fock spaces. Moreover, we show that a tuple of operators X is 
in the noncommutative polydomain D™('H) if and only if there exists a completely positive linear map 
* : C*(W,j) -^ B{n) such that 

*(p(W)r(W)*) ^p{X)r{X)\ 

for any p(W), r(W) polynomials in {W^.j} and the identity. 

In Section 3, we introduce the noncommutative Hardy algebra F°°(DJf) as the weakly closed algebra 
generated by {Wij} and the identity, and use it to provide a WOT-continuous functional calculus for 
completely non-coisometric tuples T = {Tij} in D™('H), which are identified. We show that 

$(<^) := SOT- hm ^{rT,,^), ^ = <^(W,,,) G ^°"(D™), 

r— >1 ^ 

exists in the strong operator topology and defines a map $ : F°°(D™) — > B{T-L) with the property 
that $((p) = SOT- limBrTiv'], where B^t is the noncommutative Berezin transform at rT G D™(H). 

Moreover, $ is a unital completely contractive homomorphism, which is WOT-continuous (resp. SOT- 
continuous) on bounded sets. 

In Section 4, we introduce the algebra HoliTi™-^^^ of all free holomorphic functions on the abstract 
radial polydomain Ti^^.^^. We identify the polydomain algebra ^(D™) (the closed algebra generated by 
{Wi^j} and the identity) and the Hardy algebra F°°(D™) with subalgebras of Hol{Yi™-^^^). For example, 
it is shown that the noncommutative Berezin transform is a completely isometric isomorphism between 
F°°(DJ") and the algebra of bounded free holomorphic functions on 0"^^,^^. We remark that there is an 
important connection between the theory of free holomorphic functions on abstract radial polydomains 
D™.3^(j, and the theory of holomorphic functions on polydomains in C* (see [23], [52]). Indeed, liT-L — £P 
and p G N, then D™(Cp) can be seen as a subset of C^"^^ ^"fc)p with an arbitrary norm. Given a free 
holomorphic function iy9 on the abstract radial polydomain D™ g^^, we prove that its representation on 
C^, i.e., the map (p defined by 

is a holomorphic function on the interior of D"^(Cp). In addition, (p is bounded when ip G F°°(D™), and 
it has continuous extension to DJ"(Cp)) when Lp G ^(D™). 

In Section 5, we obtain a characterization of the Beurling ^12j type joint invariant subspaces under 
{Wij}. We prove that a subspace M C iX)f^iF2(i7„J H has the form 7U == * {{®\^^F'^{Hn,)) ® £) 
for some inner multi- analytic operator with respect to the universal model W, if and only if 

^q,w®i(^A^) > 0, for any p G Z^, p < m. 
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where Pm is the orthogonal projection of the Hilbert space <S>i=iF'^ {Hm) ^Ti. onto M. In the particular 
case when m = (1, . . . , 1), the latter condition is satisfied when W ® I\m is a doubly commuting tuple. 
We also characterize the reducing subspaces under {W^ .,■} and present several results concerning the 
model theory for pure elements in the noncommutative polydomain D™(H). 

In Section 6, we provide a characterization for the class of tuples of operators in D™(H) which admit 
characteristic functions. We say that T G D?'('H) has characteristic function if there is a multi-analytic 
operator $ with respect to the universal model W such that 

where Kqx is the noncommutative Berezin kernel associated with D™('H). In this case, ^ is essentially 
unique. We prove that T G D™(H) has characteristic function if and only if 

^q,w®i {I - Kq.xK; t) > 0, for any p e Z'^, p < m. 

The characteristic function is constructed explicitly and it is proved to be a complete unitary invariant 
for the class of completely non-coisometric tuples. Moreover, we provide an operator model for this class 
of elements in D™(H) in terms of their characteristic functions. 

In Section 7, using several results from the previous sections and C*-algebras techniques, we develop 
a dilation theory on the noncommutative polydomain D™(H). The main result states that if T = {Tij} 
is a tuple in D™(?^), then there exists a ^-representation tt : C*(Wij) — > B{K,Tr) on a separable Hilbert 
space /Ctt, which annihilates the compact operators and ^Jfir('"W)(^'C„) — such that % can be identified 
with a ^-cyclic co-invariant subspace of 



/C:= 



{®UF\H^.))®K,TiI)i^) 



I /Ctt 



under each operator 



y^,3 



W, J- eg) / 



^(W,j)J ' 

and such that T*, = V*A-h for all i,j. Under a certain additional condition on the universal model 
W, the dilation above is minimal and unique up to unitary equivalence. We also obtain Wold type 
decompositions for non-degenerate ^-representations of the C*-algebra C*{'Wi,j). 

We mention that the results of this paper are presented in a more general setting, when q is replaced by 
a fc-tuple f = (/i, . . . , /fc) of positive regular free holomorphic functions in a neighborhood of the origin. 
Also, the results are used in [SD] to develop an operator model theory for varieties in noncommutative 
polydomains. This includes various commutative cases which are presented in close connection with the 
theory of holomorphic functions in several complex variables. 



1. A CLASS OF NONCOMMUTATIVE POLYDOMAINS 

For each i G {!,..., fc}, let F+. be the unital free semigroup on rii generators g\,...,gl^. and the 
identity g^. The length of a G F+ is defined by |a| := if a = (7q and \a\ := p if a = 5]^ • ■ • 5] , where 
ji, . . . ,jp G {!,..., rii}. If Zi, . . . , Zm are noncommuting indeterminates, we denote Za '■— Zj^ ■ ■ ■ Zj^ 
and Zgi := 1. Let /,; := X]qgf+ o,i,aZa, o-i,a G C, be a formal power series in rii noncommuting 
indeterminates Zi , . . . , Z„; . We say that fi is a positive regular free holomorphic function if the following 
conditions hold: Oi^a > for any a G F+ , a^gi = 0, a^ gi > for j' = 1, . . . ,ni, and 

l/2fc 



limsup >, ki.aP < 00. 

*=^°° \|a|=fc ' / 

Given X, := (X,,i, . . . , Aj,„J G B{HY\ define the map $/,,x, : B{n) -^ B{H) by setting 



fc=l QeF+. ,|a|=fc 
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where the convergence is in the week operator topology. 

Let n := {ni, . . . ,nk) and m := (mi, . . . ,TOfc), where ni,mi e N := {1,2,...} and i £ {!,..., fc}, 
and let f := (/i, . . . , fk) be a fc-tuple of positive regular free holomorphic functions. We introduce the 
noncommutative polydomain DjP(7{) to be the set of all fc-tuples 

X := (Xi, . . . ,Xfc) e B{UT^ Xc • • • X, BiUT^ 

with the property that ^fi,Xi{I) < I and 

{id - <i>/,,xj^^™^ ■■■{id- '^f,,x,r'^''{i) > 

for any i £ {1, . . . , fc} and e^ G {0, 1}. We use the convention that {id — $/i,Xi)° — id. We remark that 
D™(H) contains a polybah [B(H)"i]- x^ • • • x^ [S(H)"'']- for some ri, . . . ,Vfc > 0, where 

[B{Hr% := {(Fi, . . . , r„J e i?(H)"' : FiYi* + • ■ • + y„,K„* < r^/}. 

Throughout this paper, we refer to D™ := {D™(H) : His a Hilbert space} as the abstract noncommu- 
tative polydomain, and DJf (H) as its representation on the Hilbert space TL. 

A linear map ip : B{'H) -^ B{'H) is called power bounded if there exists a constant M > such that 
Iji^'^ll < M for any fc £ N. For information on completely bounded (resp. positive) maps, we refer to 
[51] and [32]. If p :— (pi, . . . ,Pk) £ ^+ and q := (qi, . . . ,qk) £ Z^, we set p < q iff pi < qi for all 
j £ {1, . . . , fc}, where Z+ := {0, 1, . . .}. 

Proposition 1.1. Let (pi : B{'H) — > B{'H), i £ {l,...,fc}, be power bounded positive linear maps such 
that 

If Y ^ B{'H) is a self-adjoint operator and p :— {pi, . . . ,pk) £ Z'j_ with pi > 1, then the following 
statements are equivalent. 

(i) {id~ipiY^P^ ■■■{id-LpkY''P''{Y) >Oforalle, £ {0,1} withe := (ei,...,efc) ^0 andie {l,...,fc}. 
(ii) (id - (pi)9i • • • (id - (pfe)«'= (y) > for all q := (gi, . . . , qfc) £ Z^ wit/i q < p and q 7^ 0. 

Proof. Note that it is enough to prove that {id — ipi)P^ ■ ■ ■ {id — (pky''{Y) > if and only if {id — 
ifi)''^ ■■■{id- ipkY''{Y) > for aU q :— {qi,...,qk) £ Z^ with qi < pi and qi > 1. We proceed 
by induction over fc £ N. Let fc = 1, and assume that {id — (piy'^{Y) > and pi > 2. Suppose 

that there is ho e TL such that {{id - ipi)P^-'^{Y)ho,ho) < 0. Set y^ := /ip{{id - ipi)P^^^{Y)ha, ha\ , 
j ^ 0,1, . . ., and note that {yj}j^o i^ ^ decreasing sequence with yj < ya < 0. Consequently, we deduce 
that X]i=o Vi ^ —00. On the other hand, we have 

p 



< 



{id - ip{+^){td - cpi)P'-^{Y)ho,ho) 
[l + \\p{+\l)\\)\\{zd-^,)P^-'{Y)\\\\ho\\ 



Since ipi is power bounded, we get a contradiction. Therefore, we must have {id — ipi)P'^^^{Y) > 0. 
Continuing this process, we show that {id — Lp)P'^{Y) > if and only if {id — ipy{Y) > for s — 1,2, . . . ,pi. 
Now, assume that 

{id - ¥^1)^^ • • • {id - pkY" {id - 'Pk+if"^' {Y) > 0. 
Due to the fact that tpitpj — ipjtpi for all i, j £ {1, . . . , k}, we deduce that {id — (fk+iY''^^ (Yk) > 0, where 
Yfe :— {id — (pi)P'^ ■ ■ ■ {id — (fik)^'' (Y). On the other hand, due to the identity 

Pk / ^ 

(zd - ^,r(y) = ^(-i)M ^M ^^.(y), 

the operator {id — ipk)^''{Y) is self-adjoint whenever ipk is a positive linear map and y is a self-adjoint 
operator. Inductively, one can easily see that Yk is a self-adjoint operator. Now, applying the case k — 1, 
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we deduce that (irf-</?fe+i)P'=+i (Yfe) > if andonly if (id-(^fe+i)9'=+i(yfe) > Oforallgfe+i G {0,1, . . . ,pk+i}. 
Hence, 

{id - ^i)Pi • • • {id - ifikf'^ {id - ipk+i)"'^' {Y) > 0. 
Due to the induction hypothesis, we deduce that 

{id - (^i)-?! ■■■{id- ^fc)* {id - ^fc+i)*+i {Y) > 

for ah {qi, . . . , Qk+i) G Z^- with g^ < pi and (/i > 1. This completes the proof. D 

Let $ = {(pi, . . . , ipk) be a fc-tuplc of power bounded, positive linear maps on B{'H) such that ^Pi^Pj — 
(Pjifii, i,j G {1, . . . , k}. For each p :— {pi, . . . ,pk) G Z'j^, we define the linear map A^ : B{'H) — > B{Ti.) by 
setting 

Lemma 1.2. Let m G N*^ and let Y G B{'H) be a self-adjoint operator such that A^{Y) > for all 
p G Z^ with p < m and p 7^ 0. // q G Z^ wif/i q 7^ anrf q < m, then 

A^{Y) < Al{Y). 

Proof. Set m :— {nii, . . . , ruk) G W^ and m' := (mi — 1, m2, . . . , mfe). Since A™ (Y) > and 931 is a 
positive map, we deduce that 

A™(r) = A™'(r) - ^i(A™'(y)) < A-'(y) 

Using the fact that (piipj ~ (ySjiySi for i, j G {1, . . . ,k}, one can continue this process and complete the 
proof. D 

Proposition 1.3. Let Y G B{T-L) he a self-adjoint operator, m G Z^, m y^ 0, and let $ = {(fi, . . . , cpk) 
be a k-tuple of commuting, power hounded, positive linear maps on B{'H) such that 

(i) A^{Y) > 0, and 
(ii) each ipi is pure, i.e., (p^{I) — > strongly as p —> 00. 

Then A'^{Y) > for any q G Z'j^ with q < m. In particular, Y > 0. 

Proof. Set m' := {nii — 1, TO2, . . . , nik) and note that due to the fact that A™(y) > and cpi is a positive 
linear map, we have 

< A^{Y) = Af{Y) - ipi{A^'{Y)). 

Hence, we deduce that (p^{A^ (Y)) < A™ (Y) for any p G N. Since A™ (Y) is a self-adjoint operator, 
we have 

-\\At{YWi{I) < ^1{A^'{Y)) < \\At{Y)\\^l{I). 

Now, taking into account that <pf (/) — > strongly as p -> 00, we conclude that A^ (Y) > 0. Using the 
commutativity oi ipi, . . . ,ipk, one can continue this process and complete the proof. D 

For each i G {1, . . . , fc}, let fi :~ ^ ai_aZa be a positive regular free holomorphic function in 

Hi variables and let A := {Ai, . . . , An) G B{'H)^' be an rii-tuple of operators such that X]|a|>i fli.a^a^Q 
is convergent in the weak operator topology. One can easily prove that the map ^f^.A ■ B{H) — > B{'H), 
defined by 

<i>f^AX) - J2 a^,o.Ao,XAl, X G B{n), 

q|>1 

where the convergence is in the weak operator topology, is a completely positive linear map which is 
WOT-continuous on bounded sets. Moreover, if < r < 1, then 

'^u,a{X) = WOT- lim <^j.,rA{X), X G B{n). 

r— )-l 

These facts will be used in the proof of the next theorem. 
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Let T = (Ti,...,Tfe) e B{H)''' x^ ••• x^ B(1«)"^ where T^ := (r,,i, . . . ,T,,„J e E(-W)"' for all 
i = 1, . . . ,fc, be such that $j._r. (/) is well-defined in the weak operator topology. If p := (pi, . . . ,pfc) S Z^ 
and f := (/i, . . . , fk), we define the defect mapping A^ -j, : i3(H) — > -B(H) by setting 

Given r > 0, we set rT := (rTi, . . . , rT^) and rT^ := (rTi,i, . . . , rTi^n,) for z G {1, . . . , k}. We say that the 
fc-tuple T has the radial property with respect to D™(H) if there exists 6 G (0, 1) such that rT G D™(H) 
for any r G ((5, 1] . 

Theorem 1.4. Let T = {Ti,...,Tk) G B(H)"i x^ ••• x^ B(H)"'= 6e smc/i i/iai $/,,t.(/) < I for any 
i G {1, . . . ,k}, and let q G 'Z\_ be with qj^O. Then the following statements are equivalent: 

(i) T G D™(H),- 
(ii) for any pi G {0, 1, . . . ,mi} and i G {1, . . . , fc}, 

(»d-$^,,T,r---(*d-<i>/„T.ra)>o; 

(iii) A^^TU)>0/oranj/rG[0,l]; 

(iv) there exists S G (0, 1) such that A™^rp(/) > for any r G {6, 1); 
(v) T /las the radial property with respect to D™(7^). 

Proof. The equivalence of (i) with (ii) is due to Proposition 11.11 when applied to (pi — $/. ^T; ■ We prove 
that (ii) implies (iii). First, note that if _D G B{H), D > 0, then, for each i G {1, . . . , k}, 

(1.1) (Jd-$/.,Tj(£') >0 =^ {id-<^f,,rT,){D)>0, rG[0,l]. 

Indeed, if ^j^^niD) < D, then $/^_rTi(-D) < D for any r G [0, 1]. Now, assume that (n) holds. If p G Z^j. 
with p > ei := (1,0, . . . ,0) G Zl, then (id - $/,,Ti)(AP^'=i(/)) > for any p G Z^ with ei < p < m. 
Consequently, due to (II. ip . we have 

(1.2) (zd-$/,,.Tj(AP-^^(/))>0 

for any r G [0, 1] and any p G Z'j_ with ei < p < m. Due to the commutativity of $/j.Ti, . • . , ^fk,Tk: the 
latter inequality is equivalent to 

{^d-'^f,,T,)iA^T'''{^d-<i>f,^rT,){I)) > 

for any r G [0, 1] and any p G Z*^ with 2ei < p < m. Due to p^ . we have Afl^''^{id ~ ^fi,rTi){I) > 
and, applying again relation (jl.ip . we deduce that 

{td-<i>f,,T,)i^rT'''i^d~'^h,rT,fiI)) > 

for any r G [0, 1] and any p G Z'j_ with 3ei < p < m. Continuing this process, we obtain the inequality 

(zd - <^f,,T,r • • • M - '^h.nr''{^d - <^f,,rnr{i) > o 

for any p G Z^ with ei < p < m, and any r G [0,1]. Similar arguments lead to the inequality 
Af^^^{I) > for any r G [0, 1]. Since the implications (iii) ^^ (iv) and (v) => (i) are clear, it remains 
to prove that (iv) =^ (v) . 

To this end, assume that there exists 5 G (0,1) such that A™^^(/) > for any r G ((5,1). Since 
^fi,rTi{I) < rl, it is clear that ^fi,rTi is pure for each i G {l,...,fc}. Applying Proposition II. 3[ we 
deduce that A^^rp(/) > for any r G {6, 1) and any p G Z^ with p < m. Note that A^j,rp(/) is a linear 
combination of products of the form ^V ^.rp ■ ■ ■ ^V" ^rp (/), where (qi, . . . , g^) G Z^. On the other hand 

|ail + --- + l°fcl<J 

for some positive constants Cqj....^q,^ > 0. Given x £ TL and e > 0, there is A''o G N such that 

Er r2(|aiH hlQfcl) /t^ ...T, T* ...T* t t\ <^ f 

.+ 



|ail + -- + l°fcl<J 
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for any j > Nq and r G {S,l). This can be used to show that 

$9/ • • • $f T {!) = WOT- hm $«/ ,7, • • • $f ,^ (/). 

Hence, we deduce that A^^(/) = WOT- hm^^i ^f ^tC-^) — ^ ^°^' ^'^y P ^ ^+ '^itti P < m- Consequently, 
T G DJ?'(?^) and it has the radial property. This completes the proof. D 

As expected, the domain D™(?^) is called radial if any T G D™(H) has the radial property. 
Corollary 1.5. The noncommutative polydomain D™('H) is radial. 

In the particular case when fc = 1, Theorem 11.41 shows that any noncommutative domain DT'^(H), 
TTii G N, is radial. An important consequence is the following 

Corollary 1.6. All the results from |42j . |48) . |49) . which were proved in the setting of the radial part of 
Tf^^{'H), are true for any domain Tf^^{'H). 



Another consequence of Theorem 11.41 is the following 

Corollary 1.7. The following statements hold: 

(i) //f = (/i,/2), and T = (ri,T2) G TtJ^'m x^Bj^'in) with A-^W > 0, then T G D™(H). 
(ii) IfT = {Ti,...,Tk) G B(H)"i Xc--- XcBiH)"" and^f^^xAl) = /, « e {1, . . . , fc}, i/ie?i T is m 
t/ie polydomain D™(?{). 

We say that a fc-tuple T = (Ti, . . . , T^) G Dp^(-H) is pure if 

lim {id -$'%)■•• (id - $«/ T )(^) = -f- 

q=(?l,---,?fc)6Z^ 

We remark that {{id — $?* t) ' ' ' i^'^ ~ ^f t )(-^)}q=(?i qk)e^'' ^^ ^^ increasing sequence of positive 
operators. Indeed, due to Theorem 11.41 {id — ^f^,Tk) " ' " [id — ^f\.Ti){I) > 0. Taking into account that 
^fi^Ti , ■ ■ ■ , ^fk,Tk are commuting, we have 

{id - ^% _^J • • • {^d - ^l ,,^ ) (^) = E */. ,T. • • • E */i ,T, (^'^ - */. ,tJ • • • {^d - $/„tJ (/) , 

s=0 s=0 

which proves our assertion. Note also that 

{id - ^}l^J • • • (Zd - <i>}lTjiI) < M - '^t-uTkJ ■■■i^d- <^I^tJ{I) <---<{ld- <^%^T,){I) < I. 

Hence, we can deduce the following result. 

Proposition 1.8. A k-tuple T = (Ti, . . . ,Tk) G D™(?^) is pure if and only if, for each i G {1, . . . , k}, 
$^. nW ^ strongly as p —>■ 00. 

A fc-tuple T G D™(H) is called doubly commuting if Ti^pT*^ = T*^Ti^p for any i,j G {1, . . . , fc} with 
i ^ j, and p G {1, . . . , Ui}, q G {1, . . . ,nj}. The next results provides some classes of elements in D™(7^). 

Proposition 1.9. Let T = (Ti, . . . ,Tfc) G B{'H)"^ x^ • • • x^ B{'H)"'' be such that <^fi,Ti{I) < I and let 
m = {rrii, . . . , TOfc) G N*^. T/ieJT. i/ie following statements hold. 

(i) //AJ^'tW > and, for each i G {1, . . . , fc}, $^^ ^^(7) -J> strongly asp ^00, then T G D™('H). 

(ii) IfT e D™i(H) Xc • • • Xc D™''(H) is doMfoZy commuting, then T G D^(-H). 

(iii) Ifmi<^fJ,{I) + ■■■ + mk<^f[^Tk{I) < I, then T G D-(H). 

(iv) 7/T = (Ti, ...,Tk) e T>f{n), then A™t(^) = i/ and only if 

(*d-$/,.Tj---(*d-$/„Tj(/)=0. 
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Proof. Applying Proposition 11.11 and Proposition II .31 when $ = {^fi,Ti, ■ • • , ^fk,Tk)7 we deduce part (i). 
To prove part (ii), note that since Ti g D?' {T-L), we have {id—^f..Ti)^^ {I) > for any pi g {0,1, ... ,mi}. 
Using the fact that T is doubly commuting, we deduce that 

Al^il) = {zd - $;„tJp^ (/)••• [id - ^f,,nY'' (/) > 
for any p £ Z^ with p < m, which shows that T e D™(H). 

Now, we prove part (iii). Let p := mi + • • • + nik and set ij := 1 if 1 < j < mi, ij :— 2 if 
mi + 1 < J < m,i + ?7^2, . . ., and ij := k if m,i + • ■ • + m,k-i + 1 < J < "mi + ■ ■ ■ + m,k. Due to Theorem 
11.41 to prove (iii) is equivalent to showing that if J2^^i ^ft - ,Ti . {I) < I, then 

Set Yig — I and Yi. := {id — <&/i.,Ti. )(i^jj_i) if j G {1,---7P}- We proceed inductively. Note that 
/ = y,:,-, > Yi-^ = {id — $/. _Ti ){I) > 0. Let n < p and assume that 

/ > y^^ > {id - $/.^,T., */.„,T.J(/) > 0. 

Hence, we deduce that 

I>Y, >Yi^,^Yi -$f. T {Y^ ) 

>{id-^f. T -■■■-^f T ){I)-^f T {I), 
which proves our assertion. 

Now, we prove part (iv). If T = (Ti, . . . ,Tfe) e Dp^(-H), Theorem O implies that 

for any pt G {0, 1, . . . ,m,i} and i G {1, . . . , fc}. Due to Lemma 6.2 from [32], if f ■ B{'H) — > B{'H) is a 
power bounded positive linear map such that D G B{'H) is a positive operator with {id — </')(£') > 0, and 
7 > 1, then 

{id-ipy{D)=0 if and only if {id - ip){D) = Q. 
Applying this result in our setting when ip — ^f^_Tn 7 — rni, and D = {id — $/2,T2)'"^ ■ ■ ■ {id — 
^fk,Tk)"^''{I) > 0, we deduce that relation A™t(J) = is equivalent to {id - <i>/^_Ti)(-D) = 0. Due 
to the commutativity of $/i,Tij • • • j*&/fe,Tfc, the latter equality is equivalent to {id — ^ j^ ^t2)"^^ i^) — 0, 
where A := {id — <&/3,T3)™^ ■ ■ ■ {id — $/^,Tfc)™'°(irf — ^fi.Ti){I) > 0. Applying again the result mentioned 
above, we deduce that the latter equality is equivalent to {id — ^f2,T2){^) — 0- Continuing this process, 
we can complete the proof of part (iv) . D 



2. NONCOMMUTATIVE BEREZIN TRANSFORMS AND UNIVERSAL MODELS 

Noncommutative Berezin transforms are used to show that each polydomain D™('H) has a universal 
model W = {Wi.j} consisting of weighted shifts acting on a tensor product of full Fock spaces. 

Let H„- be an rii-dimensional complex Hilbert space with orthonormal basis e^, . . . , e^. . We consider 
the full Fock space of Hm defined by 

p>0 

where -ff®.*^ :— CI and i?®.^ is the (Hilbert) tensor product oi p copies of Hm. Set ej^ :— e*^ ® • • • <8> e' if 
a — q^^ • • • f?! G ^t and e% := 1 G C. It is clear that {el, : a G F+ } is an orthonormal basis oi F^{H„ ). 

Let Tuii, rii G N := {1, 2, . . .}, i G {1, . . . , fc}, and j G {1, . . . , rii}. We define the weighted left creation 
operators Wij : i^^(iJ„. ) — )■ F'^{Hn.), associated with the abstract noncommutative domain DT' by 
setting 



/5(™.) 
(2.1) W,,,el -.^ ^ij==el^^, ae¥l 

1:3 jO 
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where 












(2.2) 


1,90 


= 1 


and 




\a\ 

■■=>: >; 

P=l ii,...,7peF+. 

Tl-T'p = a 

7ll>l,...,|7p|> 



^i,7i ' ' ■ ^i,Jp 



p + rrii — 1 
rui - 1 



for all a e F+ with |a| > 1. 

Lemma 2.1. For each i e {!,..., fc} and j e {!,..., n^}, iwe define the operator W^j acting on the 
tensor Hilbert space F'^{Hn^) gj • • • (g) F^(7J„j,) 6?/ setting 

Wij := / (g) • • • / ®H/i J ® / • • • g) /, 



i — 1 times k — i times 

where the operators Wi_j are defined by relation (j2.ip . If^i := (W^.i, . . . , Wi^„.), then the following 
statements hold. 

(i) (id— ^/j^Wi)™^ • • • (id— $/j.^Wj. )'"'"(/) = Pc, where Pc is t/ie orthogonal projection from ®\^iF'^{Hn.) 

onto CI C ®^^iF'^{Hni), where CI is identified with CI g) • • • ® CI. 
(ii) W := (Wi, . . . , Wfe) is a pure k-tuple in the noncommutative polydomain DJ?'((g)*Lj^_F^(_ff„J). 

Proof. Note that, due to relation p.ip . for each i G {1, . . . , fc} and (3i G F+ , we have 

otherwise. 

As in Lemma 1.2 from [42 , straightforward computations reveal that {id — $/i,Wi)'"' (^) = I <E) ■ ■ ■ <^ I <S) 
Pc ® I ® ■ ■ ■ ® I, where Pc is on the i*^ position and denotes the orthogonal projection from F'^iHm) 
onto CI C F^{Hni). Since the /c-tuplc W := (Wi, . . . , W^) is doubly commuting, we deduce that 

{id - ^/..wj"^ ■■■{id~ f/.^wj^n^) = (*rf - $/,.wj"^(/) • • • (*rf - <^f,,^,r''{i) = Pc. 

which proves part (i). To prove part (ii), note first that relation (12. 1[) implies $?. ^. (/)e^ = if p > |a|, 
a G F+. . Since ||<i>^. ti^. (/)|| < 1 for any p G N, we deduce that lim $^. .^. (/) = in the strong operator 

topology. Taking into account that A™^^(/) = Pc, we can use Proposition 11.31 to conclude that W is 
in the noncommutative polydomain D™(®*L]^F^(7?„J). Moreover, due to Proposition 11.81 W is a pure 
fc-tuple in D™(®^^iF2(H„J). ' D 

We mention that one can define the weighted right creation operators Aij : F'^{Hn.) — > F^{Hn^) by 
setting 

/^ 
A- e — y^=e' a G F+ 

As in Lemma [2?Tl it turns out that A :— (Ai, . . . , A^) is a pure fc-tuple in the noncommutative polydomain 
D™(«>f^iF^(i?„,)), where? = (/i,...,/^) with /, := E|Q|>ia»,5^a and a = g]^---g]^ denotes the 
reverse of a = g*- • • • g* G F+. . 

Throughout this paper, the fc-tuple W ;= (Wi, . . . , W^) of Lemma [2.11 will be called the universal 
model associated with the abstract noncommutative polydomain D™. We introduce the noncommutative 
Berezin kernel associated with any element T = {Ti.j} in the noncommutative polydomain D™(?{) as 
the operator 

Kf.T : n -^ F\H„,) ® • • • ® F^Hr,,) ®Af\^{I){n) 
defined by 

fliG¥i.,i=l,...,k 
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where the defect operator is defined by 

A-T(/):=(*rf-*/„T,n---(*d-*/„T.r'=a), 

and the coefficients b]"^'' , . . . ,bj!^i^' are given by relation (|2.2p . The fact that Kfx is a well-defined 
bounded operator will be proved in the next theorem. 

Theorem 2.2. The noncommutative Berezin kernel associated with a k-tuple T — (Ti, . . . ,Tk) in the 
noncommutative polydomain D™(H) has the following properties. 

(i) KfT is a contraction and 

K^TKf,T= lim ... \i^{id-m^)---{id-^)\^^){I), 



where the limits are in the weak operator topology. 
(ii) // T is pure, then 

Kf rpKf^T = In- 

(iii) For any i £ {f , . . . , fc} and j G {f , . . . , Hi}, 

Proof. Let T ~ {Ti, . . . ,Tk) be in the noncommutative polydomain Dp(H) and let X e B{7i) be a 
positive operator such that 

for any p := {pi, . . . ,pk) G Z'j_ with pi £ {0, f , . . . , mi} and i G {f , . . . , k}. Fix i G {f , . . . ,k} and assume 
that f < Pi < mi. Then, due to the commutativity of $/j.Ti, ■ ■ • , ^fk,Tk^ '^6 have 

{id - $/,,tJAPt"'(^) - APt(^) > 0, 
where {e^l^L^ is the canonical basis in C'^. Hence, and using Lemma FOl we have 

< $^„T.(AP7'(X)) < APt'^'IX) < X, 

which proves that {^^f.rp.{Af'^'{X))}'^Q is a decreasing sequence of positive operators which is conver- 
gent in the weak operator topology. Since ^fi,Ti is WOT-continuous on bounded sets and $/i,Ti , • • ■ , ^fk,Tk 
are commuting, we deduce that 

(2.3) lim $1 j^XAf^.'^iX)) = A^'"' ( lim $1 t{X)] ■ 

Then we have 

oo oo 

Z?W(APTW):=E*/.,T,(Ar,TW)=E'^/.,T, [aP7'W-<I'/.,t.(APt'''(X))' 

s=0 s=0 

= A^^'^'iX) - lim ^".^ ^.{A^^'^'iX)) < A^^'''{X) < X. 
Due to relation (|2.3p . we deduce that 

0<L'f^(APT(X)) = AP^p'" (x- lim <i>fj,,{X)), p<m,f< 



Define dI^\aI^{X)) := X^^o */,.T.(-DF"^^(Af,T(^)))> where j = 2, . . .p,. Inductively, we can prove 
that 

(2.4) < i?p^(APT(X)) - AP^''' fx - lim $j.^ ^.(X)) < APt^^'(X) < X, j < p,. 
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Indeed, if j <Pi — 1 and setting Y := X — lim $ ^^ j,, (X), relation (|2.4p implies 



9j- 

93 + 1 



D^+'\aI^{X))^ lim 5]$ 



gj + i^oo ■ 






fi.T, 



^r^'"'{y) 



Y - lim ^i% (y) 

9J + 1-S-00 J" ' 



A^:^^^' + ')"' (y ) - APt'' + '^"' ( lim ^T^. (F) 



'f,T 



9i+i- 



On the other hand, we have 

=,9j + i 



«i + l 



lim $''/+J,,(r) == lim $'^/+^. (X- lim ^''/^^.(X) 



9i+i- 



93- 



= lim $'^/+^.(X)- lim lim $'^/+^. f $■'/■. (X)) =0. 

gj + i— >oo J'' » gj-i-i— s-oo rjj— >cxD J" » \ J » ' i / 

Combining these results, we obtain 



for any p := {pi, . . . ,pk) G Z^ with p < m and Pi > 1, which proves our assertion. When j — Pi, relation 
(|2.4p becomes 

< dIP'\aIt,{X)) = AP^'"' (x - \im^<S>l^^^{X)] < X. 

On the other hand, taking into account that we can rearrange WOT-convergent series of positive 
operators, we deduce that, for each d G N, 



QieF+.,|ai|>l \ Q<iGF+j,|Q<i|>l 

7eF+.,|7|>d Qi,...,ajeF+. 






>l,...,|Qrf|>l 



and 



Dl'\Al^{X))^J2'^%,T,(^lTiX)) 



s=0 



= APt(^) + E 

7GF+.,|7|>1 



l7l 



E E 



■f'tjCti ^l^Oifi 



V 



T,,^AP (x)i;: 



|ail>l.---,l=dl>l 



/ 



Since I^p'^ {A^,j,{X)) := X^^o */„t. (^F ^^ (A^_t(^))) for J = 2, . . . ,pj, using a combinatorial argument 
and rearranging WOT-convergent series of positive operators, one can prove by induction over pi that 



/ 



dI^'\aI^{x)) = aI^{x)+ E 

aGF+.,|Ql>l 



\ 



E E 



ai,7i • • • ai,7p 1 „. _ 1 



P + Pi - 1 



V 



7ll>l,...,|7p|>l 



Tj,aA^,p(X)rj*„ 



E C^i;,«APT(X)7t„. 



asF;; 
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For each i G {l,...,fc}, let Vti C B{H) be the set of all Y G B{U), F > 0, such that the series 



X]/3 GF+ ^iRT^i^Pi^T^iB- is convergent in the weak operator topology, where 



(™')-l and /,("') -V V n ■■■n f P + "^» " ^ 

P=l -'i,--,TpeF;ti 



71---7p = a 

Tll>l.....|7p|>l 

for all a G F+. with \a\ > 1. We define the map ^^ : il^ — s> B{H) by setting 

ftGF+ 

Due to the results above, we have 

(2.5) = AP^"'"' (id - lim $«; ^ ^ (X) 

< AP-"'"'(X)<X, 

for any p := {pi, . . . ,pk) G Z'j_ with p < m and pi — rrii. Since T = (Ti, . . . ,Tk) is in the noncommutative 
polydomain D™(H), Theorem 11.41 implies 

Al^il) := (zd_ $^^,^JPi ...(»d-$^^,^JP'=(/) > 

for any p := (pi, . . . ,pk) G Z'j_ with p.; G {0, 1, ... , rrii} and i G {1, . . . , fc}. Applying relation p.Sp in the 
particular case when i = 1, pi = rni, and X = /, we have 

< *i(APt(/)) = D^r\^fTiI)) - Ap't™^''^ f/ - lim $«/ j,,!/)) < Ap'"'"^''^ (/) < / 

for any p' — {mi,p2, ■ ■ ■ ,Pk) with p' < m. Hence and using again relation (|2.5p . when i = 2, p = 
(0,m2,P3 . . . ,pk), and X = lim^j^oo (id - ^%.Ti) i^) ^ 0, we obtain 



< *2(*i(APt(/))) = *2 AP^r™-^ / - lim <^jl^^{I) 



gi — >-oo 



* p — miei — 'm2e2 

^^f T 

^2^-00 qi — )-oo 



hm lim (id - $f ^ ) f id - $''/ ^ ) (/) 



for any p" = (7711,7712,^3, ■ • ■ ,Pk)- Continuing this process, a repeated application of (j2.5p . leads to the 
relation 

< (*fc o . . . o *i)(AP^t(^)) = lim ... lim {id - ^f ^ ) ■ . • {id - $f^ ^^{I) < /, 
where m = (/^i, . . . , m^). To prove item (i), note that the resuhs above imply 

/3fceF„^ /3ieF„i 

= ((*fc o ■ . • o ■^,){Af^T,{I))h, h) < \\h\\^ 

for any h £ H, and 

KjTKf,T= lim ... lim {id- <^}')-- -{id- ^Ij,^){I). 
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Now, item (ii) is clear. To prove part (iii), note that 

(2.6) W:,e^^ = \^''^' ifA-.]7. 7.eF+ 

I otherwise 

for any /3i G F+. and j £ {1, . . . , rii}. Hence, and using the definition of the noncommutative Berezin 
kernel, we have 

l3p£¥+,pe{l^...M 






(™i) .... /^(™0 .... /dr-^)el • • ■ e^-i eL. ^ e]+^ ® • • • ® el 



i+i 



TiEF,, 



for any h £ %. Using the commutativity of the tuples Ti, . . . , T^, we deduce that 

(W*^. ® /)Kf ,T = Kf ,t7;:, 
for any i G {1, . . . , fc} and j G {1, . . . , rii}. The proof is complete. D 

Remark 2.3. //A^^W =0^ then K{^t = anrf (id - $/,,tJ • • • (J^ - $/i,Ti)(/) =0. 

We can define now the noncommutative Berezin transform at T G D™(7{) to be the mapping Bt : 
B((g)tiF2(i?„J) ^ B{U) given by 

BT[g] := KJ^t(.9 ® /«)Kf,T, 5 G Bi^tiF^Hn,))- 

We denote by 7-'(W) the set of all polynomials p(Wij) in the operators W^^-, i G {l,...,fc}, j G 
{l,...,ni}, and the identity. We introduce the poly domain algebra ^(D™) to be the norm closed 
algebra generated by W^j- and the identity. 

Theorem 2.4. Let T — {Tij} be in the noncommutative polydomain D™(?{) and let 

S := span{p(W,,,)g(W,,,r : p{W,,,),q{W,^,) G 7'(W)}, 

where the closure is in the operator norm. Then there is a unital completely contractive linear map 
*f,T : S ->■ B{n) such that 

*f.T(.9) = lim BrT[g], 9 &S, 

r— >-l 

where the limit exists in the norm topology of B{l-L), and 

\7=1 / 7=1 

for any py{'Wij),qry{'Wij) G 7^(W) and s G N. In particular, the restriction o/ ^f ^x to the polydomain 
algebra A(Df^) is a completely contractive homomorphism. If, in addition, T is a pure k-tuple, then 

lim B^T [g] = Bt [g] , 3 e 5. 

r->l 

Proof. According to Theorem [Til rT = {rTi , . . . , rTk) G D™(H) for any r G (0,1). Since we have 
$« ^^^ (/) < r"$2^.(/) < r"/ for any n G N, Proposition [L5] shows that rT is a pure fc-tuple in D}?^(H). 
Using Theorem 12. 2[ we deduce that the noncommutative Berezin kernel Kf^^T is an isometry and 

(2.7) K^.,T b(W,,,)q(W,,,)* «. In] Kf,,T - p(rT,,,)g(rT,,)*, p(W,,,), g(W,,,) G r{W). 
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Hence, we obtain the von Neumann |57j type inequality 
(2.8) 



J2PiirTi,j)q'rirT,^jy 

7=1 



< 



7 = 1 



for any Pt,(W,j), g^(W,j) e P(W), s e N, and r e [0,1]. Fix g € 5 and let {x«(W,j, W*j.)}rT=o 
be a sequence of operators in the span of V(yV)V(W)* which converges to g in norm, as n ^- (X). 
Define *f^T(.g) := limn^oo Xn{Tij,T*j). The inequality p.Sp shows that *f,T(.g) is well-defined and 
||^f,T(s')|| < 11.9 II- Using the matrix version of (HIT]), we deduce that VPf^T is a unital completely contractive 
linear map. Now we prove that ^f.T(.9) = lim^^i BrTlff]- Note that relation (12. 7p implies 

for any n £ N and r G (0,1). Using the fact that '^frrig) '■= ^^'m.n^oo Xn{rTi,rT*) exists in norm, we 
deduce that 

(2.9) *f,rT(g) = Kf,T(.9 ^ In)Kf,rT = B,T[g]. 

Given e > let s £ N be such that ||xs(W^i, W*) — g\\ < |. Due to the first part of the theorem, we have 

||*f,.T(.9)-X.(rT„ri;*)|| < ||.g-Xs(W„W*)|| < '- 

for any r £ [0,1]. On the other hand, since Xs(Wi,W*) has a finite number of terms, there exists 
6 e (0, 1) such that 

\\Xs{rT,,rT:) ~ Xs{T,,T: 
for any r £ {5,1). Now, using these inequalities and relation (|2.9p . we deduce that 

||*f,T(5) - B^t[5]|| = ll*f,T(g) - *f,rT(5)|| 

< ||*f,T(.9) -Xs(T.,i;*)|| + ||xs(T„7;*) -x.(rT„r7;*)|| 

+ ||x,s(rT„r7;*)-*f,,T(ff)||<e 

for any r £ ((5, 1), which proves our assertion. Now, we assume that T = (Ti, . . . , Tfe) is a pure fc-tuple in 
D™(-H). Due to Theorem [2Jl we have 

Bt[x«(W,,„W*^.)] := K|,T(Xn(W.,„W*^-) ® ^«)Kf,T - Xn{T^.,,Tli)■ 

Taking into account that {X"(Wij, W* JJJJLq is a sequence of operators in the span of 7'(W)P(W)* 
which converges to g in norm, we conclude that 



e 
<3 



Bt[5] = *f,T(5) = lim BrT[g], 9 <^ S. 



This completes the proof. 



D 



We remark that Theorem 12.41 shows that the noncommutative polydomain algebra ^(D™) is the 
universal algebra generated by the identity and a doubly commuting fc-tuple in the abstract polydomain 
domain T)^. 

We denote by C*(Wi.j) the C*-algebra generated by the operators W^^-, where i £ {1, . . . , fc}, j £ 
{ 1 , . . . , rii } , and the identity. 

Corollary 2.5. Let q = (qi, . . . , q^) he a k-tuple of positive regular noncommutative polynomials and let 

X:=(Xi,...,Xfe) eB{H)''' X ■•• xBin)"". 

Then X is in the noncommutative polydomain D™('H) if and only if there exists a unital completely 
positive linear map ^ : C*(Wi.j) — !> B{H) such that 



*q.T(p(W.,,)r(W,,,)*) = p(X,,,)r(X,,,)*, p(W.,,),r(W,,,) £ P(W), 

where W :~ {W^j} is the universal model associated with the abstract noncommutative polydo 



D^ 



16 



GELU POPESCU 



Proof. The direct implication is due to Theorem 12.41 and Arveson's extension theorem [Sj. For the 
converse, note that, due to Lemma \2A\ Proposition II .81 and Proposition 1 1.31 we have 

(/ - *,, .x,r ■■■{!- $g. ,x. r" (/) = *q,T [(/ - $,, , w, T' ■■■{!- $,. , w. r^ (/)] > o 

for any pi G {0, 1, . . . , mi} and i G {l,...,fc}. Using now Theorem 11.41 we can complete the proof. D 

We remark that under the condition 

span{p(W,j)r(W,,,)*) : p{W,,,),r(W,,,) e T'lW)} = C*(W,,,), 

Corollary 12.51 shows that C*(Wij) is the universal C*-algebra generated by the identity and a doubly 
commuting fc-tuple in the abstract polydomain domain D™. We remark that the condition above holds, 
for example, if D™(H) is the noncommutative polyball [_B('H)"i]^ x^ • • ■ x^ [_B(H)"'']^. 

3. Noncommutative Hardy algebras and functional calculus 



We introduce the noncommutative Hardy algebra i^°°(D™) and provide a WOT-continuous functional 
calculus for completely non-coisometric tuples in in the noncommutative polydomain D™(?^). 

Let ip(Wij) = Yl C/3j_..._^j.Wi_^j • • • Wfe^^j. be a formal sum with c^i,...,^^. G C and such 

I3ie¥+^,...,p„e¥+^ 

that 

1 

< oo. 



/3iGF+j,...,/3fceF+j^ "1:^1 "'"k,l3^ 

We prove that ^(Wij)(e^j • • • e'^J is in 'S)i^iF^{HnJ, for any 71 e F+ , . . . ,7^ e F+^. Indeed, due 
to relation (j2.ip . we have 






'O 



^1,71 



^ °l,/3i7i ^ "fc, 



f^'lk 1 

:,0fc7fc 



"47.- 



= ^ C,3i,...,/3fc, 

/3ieF+j,...,/JfceF+^ 

Let I G {1, . . . , fc} and a, /3 G F„. be such that |a| > 1 and |/?| > 1. Note that, for any j G {1, . . . , \a\} 
andfcG {1,...,|^|}, 

j + mi - 1\ fk + rUi -l\ ^{rai) fj + k + m^ - 1 



TO,; - 1 



TOi - 1 



<C' 



h\f)\ 



mi - 1 



where cf™',^ := 
we deduce that 
(3.1) 



TO, - 1 



(mi),(mi) 



' j. Using relation (|2.2p and comparing the product Oi^^''b\g with &^ ^ 



1/3' 






for any a, /3 G F+. . Hence, we deduce that 



E 



,(mi) L(mfc) 

I |2 °l,7l "fc,7t 

+ °l:/3i7l "fe,/3fc7fc 



^ '-'l,|7ll ■■■'-^fc,|7fc| 



E|c/3i,...,0fcP^ ^ ^ r < OO, 

/3ieF+^,...,/3fceF4 






which proves our assertion. Let V be the linear span of the vectors e^^ ®- • -CSe^^ for 71 G F+^ , . . . , 7^ G F^^ . 
If 



sup 

peT',l|p||<i 



/3ieF+^,...,/3fceF+^ 



< 00, 
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then there is a unique bounded operator acting on F^(iJ„j)® • • ■®F'^{Hn^), which we denote by ip(Wij), 
such that 

<P(W»j)p = Y^ c^i,...,^;,Wi,^, • • • Wk,fs^{p) for any peV. 

/3iGF+j,..../3;,eF4 

The set of ah operators ipCWij) G i?((8)^^^F^(iJ„J) satisfying the above-mentioned properties is denoted 
by F°°{'Df^). One can prove that F°°{'Df^) is a Banach algebra, which we caU Hardy algebra associated 
with the noncommutative polydomain T)f^. 

In a similar manner, one can define the Hardy algebra i?°°(D™). For each i G {1, . . . , fc} and j G 
{!,... ,ni}, we define the operator Aij acting on the Hilbert space F'^{Hni) ® ■ ■ ■ ® F'^{Hn^.) by setting 

Aij := /®---®/®Ajj (g) / (g) ■ ■ ■ (g) / . 

2 — 1 times k — i times 

Set Ai := (Ail, ■ • ■ , Ai.„J. As in Lemma [2TT1 one can prove that, A :— (Ai, . . . , A^) is in the noncom- 
mutative polydomain DJ"((8)^^;^F^(iJ„J), where f = (/i, . . . , /t). 



Let x(Ajj) 



f 

E 

,3ieF+j,...,/3fceF+ 



"-/Si,...,/?: 



E 



Ai^^j • • • Afc.^^ be a formal sum with cs s G C and such that 
1 



|c/3i,...,0j 



,(mi) T(mfc) 



< OO 



Pi&t^,...,Pk&t 



^l,/3i 



••■&■ 



k,l3k 



and 



sup 

P6P,||p||<l 



E 



3i,...J.^l^ft---^fe,/3<=b) 



< CXD. 



Then there is a unique bounded operator acting on F'^{Hni)®- ■ ■®F'^{Hnk)i which we denote by x(Aij), 
such that 

x(A,,j)p= ^ c^^_ j^Ai,^, •••Afe,^,(p) foranypGT'. 

/JiGF+j,...,/3fcGF+^^ 

The set of all operators xi-^i.j) ^ B {•^'^^^F'^ (11^)) satisfying the above-mentioned properties is a Banach 
algebra which is denoted by i?°°(D™). 

Proposition 3.1. The following statements hold: 

(i) F'^i'Dfy = R°°(D^), where ' stands for the commutant; 
(ii) i^°°(D^)" = F°°(D^),- 
(iii) F°^llif) IS WOT-closed in B{®'y^^F'^{Hn^). 

Proof. Let U G B((g)^^j^F^(_ff„J) be the unitary operator defined by equation 



C/(ei®.-.®0:=(ei 



7fc^ 



"71 



ei), 7ieF+,...,7.GF+, 



and note that U*AijU = W^^j- for any i = 1, . . . , fc and j G {1, . . . , Ui}, where "W^ij is the universal 
model associated with DJ". Consequently, we have U*{F°°{'Df))U = i?°°(D^). On the other hand, 
since Wi^jjAi^j^ = ^i2.j2'^ii.]i ^or any ii,i2 G {!,..., fc}, ji G {l,...,nij, and J2 G {l,...,nij. we 
deduce that i?°°(D™) C F°°(D}?^)'. Now, we prove the reverse inclusion. Let G G i^°°(D^)' and note 
that, since G{1) G <S>i^iF'^{Hn.), we have 

G(l)- E ' ' 



-/3i,...,<3fc 



ei 



for some coefficients cs s 

pi,---,Pk 



/3ieF+i,...,/3fcGF+^^ 

G C with 



V^Jl VfcJ. 



4 



1 
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Taking into account that CWij = WijC for i G {1, . . . , fc} and j £ {1, . . . ,ni}, relations (|2.6p and its 
analogue for Aij imply 



G(ei,®---S5e^J = V^---\/^G'W^i,"i---W^fc.".(l) 



= v^i7?---v''&X----^^-^w 



(mi) iX-mk) 

y en n — , . . , . . e' ;; (^ • • • (» e" 



,(mi) /, (mfc) aiPl Qfc/3fc 



H c^i,...A^iA • • • ^Kp,{ei^ ® • • • «> e^ J 



/3ieF+^,...,/3fcGF+^ 

for any ai G F+^ , . . . , a^ e F+^ . Therefore, 

/iieF+j,...,/3fceF+^ 
for any polynomial for any p (z V. Since G is a bounded operator, 

ftGF+j....,/3fc6F+^ 

is in i?°°(D^) and G = g(A,j). Therefore, i?°°(D™) = F°°(D™)'. The item (ii) follows easily applying 
part (i). Now, item (iii) is clear. This completes the proof. D 

Similarly to the proof of Proposition 13. 1[ one can prove that if 5 C B{IC) and Ifc G S, then 

(F°°(D^)®5)' = i?°°(DJ")®5' and (i?°°(D|") ® 5)' = F°°(D^)®5', 

where F°° {'Df^)i^S' is the WOT-closed algebra generated by the spatial tensor product of the two alge- 
bras. Moreover, for each i G {1, . . . , fc}, the commutant of the set 

{W,^j ®Ih-- j G {1, . . . , nj} U {If^h^^ ®y ■■ r G 5} 

is equal to i?°°(D?^)(X)iS'. A repeated appplication of these results shows that, if f = {fi, . . . , fk) and 
m = (m-i, . . . ,rnk), then 

F°°CDf')^B{n) = F°°(D';;i)® • • • ®F°"(D™'')®B(H) 

In the same manner, one can prove the corresponding result for i?°°(D™){8)i?(H). Another consequence 
of the results above is the following Tomita-type theorem in our non-selfadjoint setting: if 7W is a von 
Neumann algebra, then 

Proposition 3.2. The noneommutative Hardy algebra i^°°(D™) is the sequential SOT-(resp. WOT-, 
w* -) closure of all polynomials in W^j- and the identity, where i G {1, . . . , k}, j G {1, . . . , Uk}- 

Proof. Let P„, n > 0, be the orthogonal projection of F^{Hn-^) ig) • • • F'^{Hn^) on the the subspace 
span {ectj ® • • • (8> Gq,^ : |ai | + ■ • ■ + \ak \ — n, ai € F+^ , . . . , a^ G F+^ }. Define the completely contractive 
projection T, : Bi^'y^^F^HnJ) -^ B{®\^^F^{Hn,)). j £ Z, by 

T,{A) := Y. PnAPn+j. 

n>inax{0,— j} 

The Cesaro operators on B{®^^-^F'^{Hni))-, defined by 

Xn{A):= Y (l--)r,{A), n>l, 
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are completely eontractive and X"(^) converges to A in the strong operator topology. Let A S i^°°(Dp) 
have the Fourier representation ^ c^i,...,/3fcWi^^j • • • Wfc_^^. Taking into account the defini- 

he¥t^,...,l3ke¥i^ 
tion of the operators W^ ,- , one can easily check that 



/ 



\ 



l^ll + ---|/3fel=" 



Pn+jAPj — 

\/3ieF+j,...,,3fc£F;^^ 

and PjAPn+j = if n > 1 and j > 0. Therefore, 



Y^ C0^,...,p^Wi^0^---Wk,p^ 



Pj, n>0,j>0, 



J 



0<9<n-l 



E %,...aWi,;3,---W 



fc,/3fc 



/3il + ---l3fcl = g 



P1I + - 

converges to A, as fc — ?> oo, in the strong operator topology. The proof is complete. 



D 



Lemma 3.3. Let W := (Wi, . . . , W^) he the universal model associated to the abstract noncommutative 
domain D™, where W^ := (W^.i, . . . , Wi.„.) for i G {1, . . . , k}. If 

"Pi^ij) = E C,3i,...,/3fc Wi,^, • • ■ Wk^p^ 

is in the noncommutative Hardy algebra F°°{'Df^), then the following statements hold. 
(i) The series 

oo 

/9ll + ---+l/9fcl = 5 

converges in the operator norm topology for any r G [0, 1). 
(ii) The operator ip(r'Wi^j) is in the noncommutative domain algebra A(Df^) and 

||¥'('^W,^,)II < ll^(W„)l|. 

(iii) (p(Wij) = SOT-linir-).! iy9(rWi.j) and 

MW,,,)\\ = sup ||¥'('^W,,,)|| = hm ||^(rW,,,)l|. 

0<r<l '■^l 

Proof First, we prove that 

E bi7^ ■ ■ ■ fe^Wi,,, . . . w,,,, w:,,^, . . . w*,,^ 

(3.2) i3ii=Pi,...,i3fci=Pfc 

^ /pi + mi - l\ /pk + ruk - lA J 
~ V ™i - 1 / V TTik-l J ' 

According to relations (|2.ip and p.ip . for each i £ {1, . . . , fc}, andpi £ N, the operators {Wi^^.j^.gF^.j^.l^p. 
have orthogonal ranges and 



W^,pM\ < 



Consequently, we deduce that 



1 f\|3^\+mi-l 



(m,) \ rrn-l 



'^,|3^ 



1/2 



\xl x€F^{H„ 



i&t-,\l3i\=Pi 



Pi + rui ~1 
nii - 1 



/ for any pi £ N. 
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A repeated application of this inequality proves our assertion. Since (pCWij) G F°°(D™), we have 



(3.3) 



Yl |c/3i,..../3j 



,(mi) ,(mfc) 

/3ieF+j,...,/3fcGF+^ °l,0i ■■■°feA- 



< oo. 



Hence, using relation p.2p and Cauchy-Schwarz inequality, we deduce that, for < r < 1, 

Y^ Y C,3i,...,/3,Wi,/Ji •••Wfe,^, 



p=0 






/3ierT^,...,/3i.efT^ 
3il=Pi,---,l3fcl=Pfc 



< 



p=0 pi,...,pfceNu{o} 

PlA hPfc=P 



Z^ |c/3i,...,/jj („^) (,„^) 

\lHil=Pi....,lfikl=Pk 



\ 



1/2 



E ^i7. • • • ^S Wm, • • • w,,^, w^,,^ . . . w*,,^ 



lflll=pl,...,\flk\=pk 



1/2 



< 



E^^ E 

p^O Pl,...,p;,GNU{0} 

PlH \-Pk=P 



1\V2 / , i\ 1/2 



1/2 



rriT — 1 



nik - 1 



E l^/5i^ 



\I^1I=P1,.- 



./Sfcl (mi) ,(m,) 



:|/3fcl=Pfc 



1/2 



1/2 



< 



E-'^ E 

p=0 pi,.-.,pj.eHu{o} 

PlH hPfc=P 



Pi+mi-l\ lpk + ruk - 1 
?7ii — 1 / I rrife — 1 



E 



\^P^^-A\ ,(mi) ,(mfe) 

,/3iGF+j,...,/3fceF+^ "l,/3i "■'^fe,/3fc 



Now, using relation p.3p we obtain 



(3-4) E-'^ E 



p=0 pi,...,Pt.eNu{o} 

PlH hPk=P 



Pi + nil- 1 \ /^Pfe + m/j - 1 



^ j < E ^'''(P + ^'^)''""''b + 1)'' < oo, 



p=0 



where M :— niaxJTOi, . . . , m^}, and deduce that the series 



9=0 3i6F+^,,..,3j^gF+j^ 

\Hl\ + --- + \f>k\ = i 

converges in the operator norm topology. Therefore tpir'Wij) is in the noncommutative domain algebra 
^(D™). In what follows, we show that 

(3.5) 



ipiWij) = SOT- lim ifirWii) 



for any (p(Wij) = ^ c^i,...,/3fcWi^^i • • • W^^^^ in the noncommutative Hardy algebra i^°°(D™~ 

,3ieF+j,...,^fceF+^_ 
According to the first part of this lemma, 

(3.6) f{rW,,/} - lim p„(rW,.,), 

n— ^oo 

where Pn(Wi,j) '■— X]n=o S c^i,--,/3fc^i,/3i ' ' ' "^fc^^fc ^n^i the convergence is in the opera- 

3ieF+i,...,3fcSF+^ 

lfill + --- + \fik\=v 

tor norm topology. For each i e {l,...,fc}, let ji,ai,ei G F+ and set n := \ji\ + •■• + |7fe|. Since 
^1/3, ■ --^IpM^ ® • • • ® <) = for any A £ F+ with |A| + • ■ • + |/3fe| > n, we have 



^(^W,,,r(eii 



J=P„(rW,,,r(p4®..-®e;;J 
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for any ai S F+ with |ai| + ••• + \ak\ < n and any r G [0,1). Due to Lemma [2.11 and Theorem 11.41 
?'W := (rWi, . . . , rW„) is a pure /c-tuple in the noncommutative polydomain D™((g)^^]^i^^(i/„.)) for any 
r G [0, 1). Applying Theorem 12.21 we obtain 

for any r G [0, 1). Using all these facts and the definition of the noncommutative Berezin kernel, careful 
calculations reveal that 

(Kf,rw¥'(^W,j)*(e^^ • • • (8) e^J, (e^^ ® • • • ® e^ J (g) (e,\ ® • • • ® e^J) 

= (Kf,rwP„(rW,j)*(e;^ ® • • • e^J, (e^^ • • • ® ej J ® (e,\ ® • • • e,\)) 

= ([(Pn(W,- ,)* (g /^.^^^2(ff,^^))]Kf^rw(e^^ (»•••«) e^J, (e^^ ® • • • ® ej J «> (e,\ • • • ® e,\)) 

fteF+ ,i=i,...,fc 

X (W*,^^ • • • W^,^Je^^ ® • • • ® e^J, A}?^rwa)'/'(e.\ ® • • • ® e^j) 

= ([(¥'(W,,j)* /55.^^F2(a„^))]Kf,rw(e^, ® • • • ® e^J, (e^^ • • • e^ J (e,\ • • • ® e^'j) 

for any r G [0,1) and ji,ai,€i G F+., i G {l,...,fc}. Hence, since ip{rWij) and i^(Wij) are bounded 
operators on ®i^iF^{Hni), we deduce that 

for any r G [0, 1). Since rW :— (rWi, . . . , rW„) is a pure fc-tuple in the noncommutative polydomain 
D™((X)*Lj^F^(iJ„.)) for any r G [0,1), Theorem 12.21 shows that the Berezin kernel Kf^rW is an isometry 
and, therefore, the equality above implies 

(3.7) |l¥'(rW,,,))|| < llv^'lW,,,))!! for any r G [0, 1). 

Hence, and due to the fact that ¥'(Wij)(e^^ ^- ■ -06^^) — lim f{rWij){el^^ (8>- • •®e'^J for any ai G F+ , 
an approximation argument implies relation p.Sp . Note that if < ri < r2 < 1, then 

llV'lr-iW,,,)!! < ||^(r2W,,,)||. 

Indeed, since (p{r2Wi,j) is in the polydomain algebra ^(D™), Theorem 12.41 implies ||(^(rr2Wij)|| < 
||(^(r2Wi j)!! for any r G [0, 1). Taking r :— — , we prove our assertion. Now one can easily complete the 
proof of the theorem. D 

Lemma 3.4. Let T = (Ti, . . . ,Tk) be in the noncommutative polydomain D™('H) and let ip(Wij) be in 
the Hardy algebra F°°(Df^). Then the noncommutative Berezin kernel satisfies the relations 

(^(rT,,,)KJ^T - KJ,t('/'(^W,,,) ® In) 
and 

(p(rT,,,)K^,rT = K|,rT(v'(W,,,) In) 
for any r G [0, 1). 



Proof. Due to Theorem 12.21 we have 
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for any i € {I, . . . ,k} and j G {1, . . . , ni}. Hence, using Theorem 12.41 and part (i) of Lemma 13.31 we 
deduce that 



^(rT.^j) ■=Y1 H r'^Ci3,,...ATi,p, ■ • • Tk,fi, 



9-0 OieF+j 3feeF+j^ 

converges in the operator norm topology and ip{rTij)'K'^ ^ = KJ ^((^(rWij)(X)/-^) for aU r G [0, 1). Now, 
we prove the second part of this lemma. Using again Theorem 12.21 we obtain 

(3.8) K^_rT[p(W.,,) ® In] = p(rr,,,)K^_rT 

for any polynomial p(Wjj) and r G [0,1). Since rT ~ (rTi, . . . ,rT„) G Df'(-H) (see Theorem [Ql) , 
relation p.6p and Theorem 12 .41 implv 



^(rtT,.,) = lim ^ ^ (ri)'c^i....,/3,Ti,^, ■ --Tk^p,, r,t e [0, 1), 

Il3ll + --- + ll3fcl=9 

where the convergence is in the operator norm topology. Consequently, an approximation argument 
shows that relation p.8p implies 

(3.9) Kl,T,[^{tW,^,) ® In] = 'pirm^j)Kl^T, for r,t G (0, 1). 

On the other hand, let us prove that 



(3.10) 



lmi^(rtr,j) ^Lp{rT,^j), 



where the convergence is in the operator norm topology. Notice that, due to relation p.4p . if e > 0, 

^Pl + TOl - l\ fpk + TOfc - 1 



there is mo G N such that I]^mn ^^^ Z^pi- ■•Pfce«u{o} , , 



1 / < I7r2-' where 



X := ||^(W,j)(l)||. Since T := (Ti, . . . ,T„) G D™(H) , Theorem [H] and relation dSJ]) imply 



Pl + TOl - l\ (pk + TOfe - 1 



b9ll=Pl,---,l3fcl=Pfe 



< 



7711 — 1 



TOfe - 1 



Now, as in the proof of Lemma 13. 3| we can deduce that 



E-^ 



E E c^i,...,/3fc7'i,/3i ■■■r'fe./s* 



PlH hPfc=P J- io I 

/3ll=Pl,---.l/3fcl=Pfc 



1/2 



< 



E-^^ E 

p—raa vi pa;GNu{o} 

PlH ^Pk=P 



Pi + TOl - 1 
TTll — 1 



Pfc + "Ife - 1 
TOfe - 1 



ll^(W.,)(l)|| 



< 
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Consequently, setting T(^) := Ti^p-^ ■ ■ -Tk.p^, there exists < d < 1 such that 



oo 

E 



E 



[rt) 



l/3iH-...+ |/3fc 



C^i,...,,3fer(/J) 



-0 3ieF+j,...,3fceF+^ 

3ll + .-- + l3fcl=p 



oo 

E 

|3il + ...+ |3fc|=P 



E 



.l/3i| + --- + L 



'C;3i,...,/3fcr(/3) 



< e 



<2e 



mo-l 

E ^'(*' - 1) 



E 



C/3i, 



.A%) 



/9ll + ---+l3fcl=P 



ll'^(W.,,)(l) 



for any t G (d, 1). Hence, we deduce relation p.lOp . On the other hand, due to Lemma [3.31 we have 
(^(Wij) = SOT-limt^i (^(iWij). Since the map y i-> F ® /^ is SOT-continuous on bounded sets, we 
deduce that 



(3.11) 



SOT- lim[(p(tW,,j)) ® In] = <^(W,,,) ® /«. 



Consequently, using relation (|3.10p and passing to limit in (|3.9p . as t — !■ 1, we complete the proof. D 

In what follows we show that the restriction of the noncommutative Berezin transform to the Hardy 
algebra i^°°(D™) provides a functional calculus associated with each pure tuple of operators in the 
noncommutative domain D™(?^). Moreover, we obtain a Fatou type result. 

Theorem 3.5. Let T = (Ti, . . . ,Tk) be a pure k-tuple in the noncommutative polydomain Dp('H) and 
define the map 

*T:i^°°(D™)^B(H) by *t(v) := BtM, 
where Bx is the noncommutative Berezin transform at T G D™(7£). Then 

(i) 'I't is WOT- continuous (resp. SOT-continuous) on bounded sets; 
(ii) 'I't is a unital completely contractive homomorphism and 

*T(Wi,ft • ■■Wk,p,) = Ti,p, ■ --n^p,, p, e F+ ,i e {1, . . . ,fc} 

(iii) for any (/^(W,,^) G F°°(D™), 

B.t[^(W,,,)] - ^{rT,j) = BT[<^(rW,j)] 
and 

^t(</'(W,,,)) = SOT- lim (/3(rT,,,). 

r— ^1 

Proof. Since 

(3.12) vI/T(^(W,,,)) = K*^T(^(W.,,)®/«)Kf,T, v'(W,,,)eF°°(D7), 

using standard facts in functional analysis, we deduce part (i). 

Now, we prove part (ii). Since T is pure, Theorem 12.21 shows that Kf^x is an isometry. Consequently, 
relation (|3.12p implies 



[^^T{^^J)] 



iJ/ikxk 



< 



[if. 



yJfexfc 



for any operator- valued matrix [fij]^.^^^. in Mkxk{F°° {'D'T')) , which proves that \1/t is a unital completely 
contractive linear map. Due to Theorem 12.41 $t is a homomorphism on the set ^(W) of polynomials 
in {Wi .,}. By Proposition 13.21 the polynomials in W^j- and the identity are sequentially WOT-dense 
in F°°(DT'). On the other hand, due to part (i), ^t is WOT- continuous on bounded sets. Using the 
principle of uniform boundedness we deduce that ^t is also a homomorphism on F°°{'D'T'). 
Due to Lemma 13.41 and taking into account that Kf.x and Kf.rx are isometrics, we have 

B.t[</5(W,,j)] = K^,rT(</'(W,j) <E> /)Kf,rT 

= (/.(rT,,,) = K|_t('^(^W,,,) ® /)Kf,T 
- BT[<^(rW,.,)]. 
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Now, due to relation p.ll|) we have 

Hence, and using the equahties above, we deduce that 

= SOT- lim K^ Tiv^irWi ,) (g) /)Kf t 

r— >-l ' ' ' 

= SOT- lim ip{rTi,j). 
This completes the proof. D 

We say that T = (Ti, . . . , Tk) G T)Y{T~L) is completely non-coisometric if there is no ft, G "H, ft. 7^ such 
that 

{{id - <^)l^;) ■■■{id- m^j{in)h, h) - 

for any (gi, . . . , qfe) G N'^. This is equivalent to the condition 

lim ({id - $«i ) . . . {id - $'^f'= rj. ){In)h, h) = 0. 

In what follows we present an F°°(D™)-functional calculus for the completely non-coisometric part of 
the noncommutative polydomain D™(H). 

Theorem 3.6. Let T = {Ti, . . . ^Tk) be a completely non-coisometric k-tuple in the noncommutative 
polydomain T>f^{H). Then 

$(^) := SOT- hm ^(rT,,,), ^ = ^(W.^,) G F-(Df™), 

exists in the strong operator topology and defines a map <& : F°°{'Df^) — !■ B{'H) with the following 
properties: 

(i) $(1^3) = SOT- lim BrT[¥'],. where B^t is the noncommutative Berezin transform at rT G T)^{'H); 

(ii) $ is WOT- continuous (resp. SOT- continuous) on bounded sets; 
(iii) '^ is a unital completely contractive homomorphism. 

Proof. According to TheoremO rT G Dp('H) and rW G 'DY{®'t=iF'^{Hni)) for any r G [0,1). Due 
to relations ((XT)) and (PUJ) . we have SOT-limt^i[(/?(tWjj)) ® ly] = 'p{'Wi,j) <S) lu^ Taking the limit 
in the first relation of Lemma 13. 4[ as r ^^ 1, we deduce that the map A : range K^rj, — >■ % given by 
Ay := lim ip{tTij)y, y G range Kf,p, is well-defined, linear, and 

||AK*,Ta^|| <limsup||(^(rr,.,)||||K*_Ta;|| < ||(p(W,,,)lll|K;.Ta^|| 

for any x G (®f=ii^^(-ff„.)) ® H. 

Since T = (Ti, . . . ,Tfe) is completely non-coisometric. Theorem 12.21 implies that the noncommutative 
Berezin kernel Kf^x is one-to-one and, therefore, the range of K^ rp is dense in H. Consequently, the map 
A has a unique extension to a bounded linear operator on T-L, denoted also by A, with ||A|| < ||(p(Wi j)||. 
We show that 

(3.13) lim Lp{rTi,j)h = Ah for any ft G H. 

r— >1 

Let ft G ?^ and let {yk}kLi be a sequence of vectors in the range of K| ^, which converges to ft. According 
to Theorem 12.41 and relations p.6p . (\3.7\i . we have 

MrT,.,)\\ < ||^(rW,,,)|| < ||^(W,,,)II 

for any r G [0, 1). Note that 

IIAft - (p(rr,,,))ft|| < IIAft - AykW + \\Ayk - ip{rT,^,))yk\\ + ||^(rT,,,))y/c - ^{rT,^j))h\\ 

< 2||^(W,,,)||||ft - ykW + \\Ayk - ^{rT,,,))yk\\. 
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Consequently, since lim (p{rTij)yk — Ai/k, relation p.l3p follows. Due to Lemma [3.41 we have 

r— fl 

(3.14) ^{rT,,/} = K^_rT[v(W,,,) <E> /w]Kf,rT, 
which together with relation p.l3p imply part (i) of the theorem. 

Now we prove part (ii). Since \\(p{rT,^j)\\ < ||v5(W,j)|| we deduce that \\^{ip)\\ < \\(p\\ for 93 £ i^°°(D™). 
Taking r ^ 1 in the first relation of Lemma 13.41 and using the first part of this theorem, we obtain 

(3.15) $((p)K^_t=K^,t(¥'«'^), ^eF'^iBY'). 

If {gi} be a bounded net in F^^CDf^) such that g,, — ^ 5 G F°"{'Df^) in the weak (resp. strong) operator 
topology, then g^®! converges to g ® / in the same topologies. By relation p. 151) . we have $(g,,)K| r^. — 
K| 'p(.gt ®I). Since the range of K| -p is dense in % and {^(.gt)} is bounded, an approximation argument 
shows that $((7t) — > ^{g) in the weak (resp. strong) operator topology. 

Now, we prove (iii). Relation p.l4p and the fact that Kf.rx is an isometry for r G [0, 1) imply 

\\yst{rTi^j)]kxk\\ < \\['Pst]kxk\\ 

for any operator-valued matrix [(fst]kxk G Af/cxfc(-F°°(Df^)) and r G [0,1). Hence, and using the fact 
that ^{ifst) — SOT-lim.r^i ipstirTij), we deduce that $ is completely contractive map. Due to Theorem 
12. 4[ $ is a homomorphism on polynomials in W^ j and the identity. Since, due to Proposition [221 these 
polynomials are sequentially WOT-dense in F°°(Dp) and $ is WOT-continuous on bounded sets, we 
deduce part (iii) of the theorem. The proof is complete. D 



4. Free holomorphic functions on noncommutative polydomains 

We introduce the algebra HolCDf^^.^^) of all free holomorphic functions on the abstract radial poly- 
domain D™j^j. We identify the polydomain algebra ^(Dp) and the Hardy algebra F°°(Dp) with 
subalgebras of -ffoZ(D™.^^) . 

For each i G {1, . . . , fc}, let Zi := {Zi_i, . . . , Zi_„i) be an n^-tuple of noncommuting indeterminates and 
assume that, for any p^q d {1, . . . ,k}, p ^ q, the entries in Zp are commuting with the entries in Zq. We 
set Zi^cii '■= Zij^ ■ ■ ■ Zij^ if ai G F+ and Ui = g"^: ' ' ' 9] i ^-^d Z^gi -.^ 1, where ^q is the identity in F^^. 
We consider formal power series 

^ / ^ ^ai ,...^ak^l,ai ' ' ' ^k^a^: ^ai,...,a;^ G ^, 

aie¥+^,...,ake¥t^ 

in ideterminates Zij. Denoting (a) := (ai,...,afc) G F+^ x ••■ x F+^, Zj^j) :— Zi^ai ■ ■ ■ Zk^a^^ and 
flj-Q,) :— aQ,j^...^Qj,, we can also use the abbreviation (p — Yl o,{a)Z[a)- 

(a) 

Given a Hilbert space %, we introduce the radial polydomain 

0<r<l 

A formal power series (/?, having the representation above, is called free holomorphic function on the 
abstract radial polydomain D^^^^j :— {D™,^j(^) : "H is a Hilbert space} if the series 

00 

'fii^i,]) ■=22 zJ 0,(a)X(a) 

9=0 (a)GF;ti X---X^nfc 
|ail + ---+|ofc|=9 

is convergent in the operator norm topology for any X — (Xij) G D™ad(^) with i G {l,...,fc}, 
j G {I, . . . ,ni}, and any Hilbert space H. We denote by HolCDf^^.^^) the set of all free holomorphic 
functions on the abstract radial polydomain Dp^^d- 
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Lemma 4.1. Let tp = ^ Ci{a)Z(a) be a formal power series and let W = {Wij} be the uni- 

(a)eF+jX---xF+j_ 

versal model associated with the abstract noncommutative poly domain D™. Then the following statements 
are equivalent. 

(i) If is a free holomorphic function on the abstract radial polydomain D™.^^^. 
(ii) For any r G [0, 1), the series 



V={rW,^,):=J2 E a(a)rl"^l+-+l«^IW( 



9=0 (c)er+j x---xF+j^, 

ail + --- + l°fcl=9 

is convergent in the operator norm topology. 
(iii) The inequality 

l/r. 



lim sup 



E a(a)W(„) 



l°il + --- + l°fel=" 



< 1. 



Proof. The equivalence of (i) with (ii) is due to Theorem 12.41 Using standard arguments, one can easily 
prove that (ii) is equivalent to (iii). D 

We remark that the coefficients of a free holomorphic function are uniquely determined by its repre- 
sentation on an infinite dimensional Hilbert space. Indeed, under the above notations, let < r < 1 and 
assume that ip{r'Wij) — 0. Taking into account relation (|2.6p . we have 

(^(rW.,)l, W(.)l) = .l-l+-+l-la(„)-l^ • • • 7(i:) = 

for any (a) = (ai , . . . , a^) e ¥^_^ ® • • • ® F+^ . Therefore a(Q,) — 0, which proves our assertion. 

Due to Lemma 14.11 ii ip G Hol(Df^^.^^), then (^(rW^ j) is in the domain algebra ^(D™) for any 
r G [0, 1). Using the results from the previous section, one can see that Hol{T)f^j.^^) is an algebra. Let 
i7°°(D™^j) denote the set of aU elements p in HolCDf^^^^) such that 

\\(p\\oo ■= SUp||</?(Xij)|| < OO, 

where the supremum is taken over all (Xij) £ Df"rad(^) ^^'^ ^^y Hilbert space TL. One can show that 
iJ°°(D™.^jj) is a Banach algebra under pointwise multiplication and the norm || ■ \\^. For each p e N, we 

define the norms || • \\p : Mp,,p (H^^CDf^^.^^)] -^ [0,oo) by setting 

||[V'st]pxp||p := snp\\[(fstiXi^j)]pxp\\, 

where the supremum is taken over all (Xij) e D™.^jj(?^) and any Hilbert space H. It is easy to see that 
the norms || • ||p, p G N, determine an operator space structure on -ff°°(D™ad)' i^ ^^^ sense of Ruan 
f|31|). Let cp he a free holomorphic function on the abstract radial polydomain D™^^. Note that if 
< ri < r2 < 1, then riDp('H) C r2D™('H) C Dp(H). Since ip{r2Wij) is in the polydomain algebra 
^(D^), Theorem [2^ implies ||.^(rr2Wjj)|| < ||.^(r2Wjj)|| for any r e [0,1). Taking r := ^, we deduce 
that 

||^(riW,,,)|| < ||(p(r2W.,,)||. 

On the other hand, if < r < 1, then we can use again Theorem 12.41 to show that the mapping 
g : rBf{n) -^ B{n) defined by 

is continuous and ||(7(Xi .,)|| < ||g(rWij)||. Moreover, the series defining g converges uniformly on 
rD™('H) in the operator norm topology. 
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Given ip e i^°°{D™) and a Hilbert space H, the noncommutative Berezin transform associated with 
the abstract noncommutative polydomain D™ generates a function whose representation on "H is 

BM : J^Z-^M) ^ B{n) 
defined by 

where Bx is the Berezin transform at X. We call B[(^] the Berezin transform of (p. In what follows, we 
identify the noncommutative algebra _F°°(Dp') with the Hardy subalgebra H'^lTiY-ca.d) o^ bounded free 
holomorphic functions on 0™^.^^^. 

Theorem 4.2. The map $ : i?°°(D™^^) -^ F°°(D™) defined by 

\(a) / (a) 

is a completely isometric isomorphism of operator algebras. Moreover, if g '■— ^ o,(a)Z(a) ^s a free holo- 

(a) 

morphic function on the abstract radial polydomain D^^^, then the following statements are equivalent: 
(i) .geiJ°°(D™,,,); 

(ii) sup ||g(rWij)|| < oo, where g(rWjj) := E!^oE(c)eF+ x...xf+ '''a(a)W(„); 

(iii) there exists ip G F°°(D™) wit/i g ~ B[</j], where B is i/ie noncommutative Berezin transform 
associated with the abstract polydomain D™. 

In this case, 

<i>(g) = S0T-lim5(rW,,,), <i>-i(^) = B[^], ^ e F-(D?^), 

and 

||$(5)|| = sup ||ff(rW,,,)ll - lim ||5(rW,,,)l|. 

0<r<l '•^1 

Proof. To show that the map $ is well-defined, let g := J2 '^(I3)^(j3) be in the Hardy algebra H^ (Df^^^^) . 

Since (rWij) G D™.g^j(F^(iJ„)), Lemma [4T] shows that ^(rWi^j) is well-defined for any r e [0,1) 
and supq<^^j ||5(rW.ij)|| < ||g||oo < oo. We need to show that g(Wij) :— J2 '^{fi}'^ iP) i^ the Fourier 

^ (/3) 

representation of an clement in F°°(Dp). Taking into account relation (|2.6p . we deduce that 

^ rl/^^l+'-'+l'^-llaff,,...,^,!^ 1 ^^^^ ^ ||g(rW,,-)(l)H < sup ||g(rW,.,)|l < oo 

/3iGF+^,...,/3.GF+^ ^1,01 •••^fc,/3, 0^'-<l 

for any < r < 1. Consequently, J2 |Q/3i,...,fffc|^ („ii) ^ (^i^) < oo. As in Section 3, the latter 

relation implies that (7(Wi.,)p is in the tensor product (l^i^iF^ {Hm) for any polynomial p £ ®'i=iF'^{Hni)- 
Now assume that ^(Wij) ^ F°°(D™). According to the definition of F°°(DJ?^), for any fixed positive 
number M, there exists a polynomial g £ ®\=iF'^{Hn-) with [jgH = 1 such that ||5(Wij)q|| > M. Since 
|(7(rWij-)(l)— g(Wij)(l)|| — > as r — >• 1, we have ||(7(Wij-)(7 — g(rWij)g|| — > 0, as r ^ 1. Consequently, 
there is ro £ (0, 1) such that ||g(roWi_j)g|| > M, which implies ||g(roWi.j)|| > M. This contradicts the 
fact that supo<r<i ll3(^Wij)|| < oo. Therefore, g(Wij) e F°°{T>™), which proves that the map $ is 
well-defined. 

Moreover, due to Theorem W^ . we have \\g{X^j))\\ < ||g(rWjj)|| for any (A^j) £ rDp'(H). Using 
now Lemma 13. 3[ we deduce that 

||5(W,,,)|| - sup ||.9(rW,^,))|| = ||5|U 

0<r<l 



and 



$(5)-3(W,,,)=SOT-lim5(rW,,,). 
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Therefore, <J> is a well-defined isometric linear map. We show now that $ is a surjective map. To this 
end, let ipCWij) :— J2 '^{fi}'^ (P) be in F°°(D™). Using Lemma \3l3\ and Theorem 14.11 we deduce that 

(/3) 

g := ^ a(^a)Z(a) is a free holomorphic function on the noncommutative domain D^.^^^ and 

(a) 

||5(^.,,)ll < ll5('^W,;,,)|| < ||g(W,,,)|| 
for any (Xij) e r'Df^{'H) and r e [0, 1). Hence, we deduce that 

sup \\g{X,M < ll5(W,,,))|| < ^, 

which proves that g G H°° (Df^^^^) . This shows that the map $ is surjective. Therefore, we have proved 
that $ is an isometric isomorphism of operator algebras. Using the same techniques and passing to 
matrices, one can prove that $ is a completely isometric isomorphism. Moreover, note that if X := 
(Xjj) e T>f^,^^, then there is r e (0, 1) such that X = rY with Y = (F^^) e Bfin). Applying Theorem 
13.51 part (iii), we deduce that ^{X) = 'Bx[^]- Now, the equivalences mentioned in the theorem can be 
easily deduced from the considerations above. The proof is complete. D 

For the rest of this section, we assume that 'Df^{'H) is closed in the operator norm topology for any 
Hilbert space n. Then we have Bf^^^^CH)- = Dp'(H). Note that the interior of D^(-H), which we 
denote by /ni(D™('H)), is a subset of D™.ad(^)- We remark that if q = (qi, . . . ,qk) is a fc-tuple of 
positive regular noncommutative polynomials, then D™(H) is closed in the operator norm topology. 

We denote by A(D™.^j) the set of all elements g in HolCD^^.^^) such that the mapping 

T>Z..An) 3 {X,,j) ^ g{X,^j) e B{H) 

has a continuous extension to [T)f^j.^^{H)]^ — Dp(7^) for any Hilbert space "H. One can show that 
j4(D™.^j^) is a Banach algebra under pointwise multiplication and the norm || • ||oo, and it has an operator 
space structure under the norms || • ||p, p S N. Moreover, we can identify the polydomain algebra ^(D™) 
with the subalgebra A(D™^jj). Using Theorem 12.41 Theorem 14. 2 [ and an approximation argument, one 
can obtain the following result. 

Corollary 4.3. The map $ : A(D™^j) -> ^(D™) defined by 

is a completely isometric isom,orphism. of operator algebras. Moreover, if g :~ X]'^(q)-^(q) '■^ a free holo- 

(a) 

morphic function on the abstract radial polydomain D™^^^^, then the following statements are equivalent: 

(i) gGA(Df™,,,),-^ 
(ii) g(rWij) :— Y1T=q^ {c.)ert x- xFi ''''^0'(a)^ (a) is convergent in the norm topology as r ~> 1; 

l»ll + --- + |afcl = 9 

(iii) there exists ip G ^(D™) with g — B[iy9], where B is the noncommutative Berezin transform 
associated with the abstract polydomain Ti"f^ . 

In this case, 

$(g) ^ lim g(rW, ,) and ^-\^) - B[(p], ip e AiBf"). 

r— >1 

We remark that there is an important connection between the theory of free holomorphic functions 
on abstract radial polydomains D™ad' ^^'^ ^^^ theory of holomorphic functions on polydomains in C^. 
Indeed, consider the case when H ^ C^ and p — 1,2.... Then D™(CP) can be seen as a subset of 
C(ni+-+n;c)p' ^[^^^ ^u arbitrary norm. We denote by /nt(Dp(CP)) the interior of the closed set Dp(CP). 
In the particular case when p = 1, the interior /ni(D™(C)) is a Reinhardt domain, i.e., {^i,jK,j) G 
/nt(D^(C)) for any (Xij) G /nt(D™(C)) and £,i,j G T. Let Afpxp(C) denote the set of all p x p matrices 
with entries in C. 
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Proposition 4.4. Ifp G N and tp is a free holomorphic function on the abstract radial polydomain D™.g^j, 
then its representation on C^ , i.e., the map (p defined by 

is a holomorphic function on the interior o/Dp(CP). Moreover, the following statements hold: 

(i) if ip E -F°°(D™j.jjj), then (p is bounded on the interior o/D™(Cp); 
(ii) if (p £ A(Df^^.^^), then (p is continuous on D™(CP) and holomorphic on the interior o/D™(C'°). 

Proof, li K \s a. compact subset in the interior of Dp^(C'°), then there exists r S (0, 1) such that K C 
rDp(CP). Indeed, if A := (A^j) £ Int{Df{€P)) C C("i+-+"^)p', then there exists ea > and rx e (0, 1) 
such that :^fi G IntCDf^^CP)) for any fi e B^JA) := {z £ c("i+-+"'»)p' : ||A - z\\ < ex}. Since 
X is a compact set and K C LixeKBe^{X), there exists Ai,...A; G K such that if C ul^iBf^,{Xi). 
Consequently, for any ^ e K, we have ^/i G /ni(D™(CP)) C DJP(Cp) for some i e {1, . . . , n}. Taking 

into account that nDf (C^) C r2'D^{CPJ if ri,r2 G (0, 1) and ri < r2, we conchidc that X C rDp(CP), 
where r := niax{ri, ...,?';}. 

Note that if ^ := E^o X](=)eF+^ x-.-xf+^ a(a)^(a), then 

l°ll + --- + l°fcl=9 



'/^(^»j) ^ /J a(a)'^(a) 



|ail + --- + |afcl<" 



< 



E 

s— n+l 



E 

|ail + --- + |afcl = 



rl"^l+-+l"'<la(,)W(„) 



+ 



for any (A^j) G K. Using Theorem 14. 1[ we deduce that J2{ 



IR- + 



w+ a 



(a)\a) converges to ^{Xi,j) 



ll + -"+|afcl<" 

uniformly on X, as n — >■ oo. Therefore, the map (Xij) *->■ (p{Xij) is holomorphic on the interior of 

The proof is 

D 



D™(CP). Now, the items (i) and (ii) are consequences of Theorem 14.21 and Corollary 
complete. 



We remark that one can obtain versions of all the results of this section in the setting of free holomorphic 
functions with operator- valued coefficients. Since the proofs are very similar we shall omit them. We also 
mention that, in the particular case when k = mi = 1 and fi ~ Zi + ■ ■ ■ + Zn, we recover some of the 
results concerning the free holomorphic functions on the unit ball of i?(H)" (see [40], [45], [47]). 



5. Joint invariant subspaces and universal models 

We obtain a Beurling type factorization and a characterization of the Beurling [12 type joint invariant 
subspaces under {Wij}- We also characterize the reducing subspaces under {Wij} and present several 
results concerning the model theory for pure elements in the noncommutative polydomain Dj?^(?^). 

We recall that a subspace H C /C is called co-invariant under S C B{IC) if X*'H Q H for any X G 5. 

Theorem 5.1. Let W := (Wi, . . . , W^) be the universal model associated to the abstract noncommuta- 
tive domain Dp. If IC be a Hilbert space and M. C (®*L]^-F'^(-ff„J) ® IC is a co-invariant subspace under 
each operator ^i,j ® Ik for i G {1, . . . , fc}, j G {1, . . . , rti}, then there exists a subspace £ C /C such that 

span {(Wi,^, . • • Wfe,^, ®Ik)M: /3i G F+ , . . . , /3, G F+J = (®ti^'(^nj) ® £■ 

Consequently, a subspace A4 C {^^^iF'^^Hru)) ® K, is reducing under each operator W^.j ® Ijc for i G 
{1, . . . , fc}, j G {1, . . . , rii}, if and only if there exists a subspace £ C IC such that 

Proof. Define the subspace £ C K. hy £ :— (Pc <E> Iic)M., where Pc is the orthogonal projection from 
®'i=iF'^{Hni) onto CI C ®i=iF'^{Hn.). Let iy9 be a nonzero element of Ai with representation 



V 



E 

fteF+j,...,,3fceF+^ 



^k 



iSi hp^^ 
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where hjs^,,,,^^^ € /C and J2 \\hj3i,...,i3^\\^ < oo. Let cti G F+^,...,crfe G F+^ be such that 

01 
hcri,...,(7k 7^ and note that 



/3ieF+j,...,/3i-eFj 






l.fJi Y k.cr 

Consequently, since A^ is a co-invariant subspace under W^.j (E> Ik. for i G {1, . . . , k}, j G {1, . . . , rii}, we 
deduce that hg--^^-^, G £^. This imphes 

is a vector in ®^^iF'^{Hn.^) ® S. Therefore, 

n 

(5.1) ^ = „1™,I] H 4i®---®e^, ®V,...,/3. 

is in ®J=iF2(iJ„J ® £•. Hence, A^ C ®\=iF^{H.a,) ® £ and 

3; :-span {(Wi,,, •••W;,,,, ®/;c)X : CTi G F+ , . . . ,afe G F+J C (®ti^'(ff"J) ® ^. 

To prove the reverse inclusion, we show first that 5 C 3^. If ft-o G ^- ha "^ 0, then there exists 
g eMc ®f=iF2(iJ„J (g) £ such that 

/3ll + --- + l/3fcl>l 

and 1 (gi ft-o = (Pc ® -^k;)5- Consequently, due to Lemma [2.11 we have 

1 ® /lO = (Pc <» /k)5 ={!- ^qi.Wi®/^)"^ •••(/- *9..W.®/;c)'"'= (%• 

Taking into account that M is co-invariant under W^ j (Ei/k: for * G {1? • ■ • : ^li J G {Ij • ■ • j ^ii}i 'v^^ deduce 
that /lo G 3^ for any h^ G £, i.e., £ C y. The latter inclusion shows that (Wi_^j • • • Wfe^^k 'X'/K;)(l'X'f ) C 3^ 
for any cti G F,^^ , . . . ,ak G F+ , which implies 

== r^e^^ ® • • • ® ej^ «. £ C 3^. 

Hence, if (/? G (®*L]^i^^(i?„J) ® £" has the representation (|5.ip . we deduce that </? G 3^. Therefore, 
{®i=iP'^ (Hrii)) ® f ^ y. The last part of the theorem is now obvious. The proof is complete. D 

Let W := (Wi, . . . , W^) be the universal model associated to the abstract noncommutative domain 
D™. An operator M : {^'^^^F'^ {11^)) ® H -> (<8'*UiF^(^„J) (8)/C is called multi- analytic with respect to 
Wif 

M(W,j ® In) = (W,,, Ik)M 
for any i G {1, . . . , fc} and j G {1, . . . , rii}. In case M is a partial isometry, we call it inner multi- analytic 
operator. 

Theorem 5.2. Lef W :— (Wi, . . . , W^) be the universal model associated to the abstract noncommuta- 
tive domain D™ and let W^ (g) In '■= C^i,! ® lu^ ■ ■ ■ , Wi^„. ® In) for i G {1, . . . , fe}, where % is a Hilbert 
space. IfY^ _B(((g)^^]^_F^(_ff„J) (g) Ti) then the following statements are equivalent. 

(i) There is a multi- analytic operator M : (®jLi^^(^ni)) ®£^ {'^i=iF'^{IIni)) ®T~l- with respect to 
W, where £ is a Hilbert space, such that 

Y = MM*. 

(ii) For any p := (pi, . . . ,pf.) G lJ\_ such that p < m, p ^ 0, 

[id - $/„w,®/„)^^ • • • (*d - */.,w.®/„)^n5") > 0. 
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Proof. Setting A^.^^^^ := {id - $/i,Wi®/„)^' ■ ■ ■ {id - ^f^,Wk(g,in)'"° , it is easy to see that if item (i) 
holds, then 

K^mJ^) = MAl^^,^{I)M* > 

for any p :— {pi , . . . ,pk) £ Z'j_ such that p < m, p 7^ 0. 

To prove the converse, assume that (ii) holds. In particular, we have ^fi,'Wi(»iHi^f\v(S>i 0^)) — 
^rw®7„(^)' where m' = (TOi-l,m2, . . . ,TOfc). Consequently, <^l,^^^iJAf^^^jjY)) < Af^^^^^jY) 

foranyn G N. Since W := (Wi, . . . , W^) is apure fc-tuple, wehave SOT-lim„_,oo $/i,Wi8/k(^™w®/„(^)) 
0, which implies Af\^^j {¥) > 0. Continuing this process, we deduce that Y > 0. 



Let M := range F^/^ and define 
(5.2) A,^j{Y^/^x) := ^^/^(W*^. (g. /„)x, x G {®tiF^{Hn,)) ®'H, 

for any i G {1, . . . , fc} and j G {1, . . . , rii}. Since ^fiyVi^i-u (Y) < Y , we have 

Y, a.^o.WA.^eX^'^xW = {<^f^,^^^i^{Y)x,x) < \\Y'^^x\\^ 

a£¥i.,\a\>l 

for any x G (®f=i-F^(-ff,iJ) ^ H. Consequently, we deduce that aigi\\AijY'^/'^x\\'^ < HF^/^xp, for any 
X G {(Sii=iF'^{Hni)) (g) H- Since Uigi ^ each Aij can be uniquely be extended to a bounded operator 
(also denoted by Aij) on the subspace M. Denoting Xij :— A*j for i G {1, . . . , fc}, j G {!,..., rii}, an 
approximation argument shows that $/i,Xi(-^x) < Im and relation (|5.2p implies 

for any i G {1, . . . , fc} and j G {1, . . . ,ni}. This implies 

yi/2APx(/>f)>^^/' = AI^^.JY) > 
for any p := {pi, . . . ,pk) G Z*^ such that p < m, p 7^ 0. On the other hand, we have 

[<i>l^^SlM)Y'^'x,Y'^'x) = {<^l^^^^jjY)x,x) < \\Y\\ {^l^^^^jjl)x,x) 

for any x G (®,=iF^(ff„J) ® H and n G N. Since SOT- lim $" w.«f (1) = 0, we have SOT- 
lim $^. xX^m) ~ 0, which, due to Proposition 11.81 shows that X := {Xi, . . . ,Xk) is a pure fc-tuple 

in the noncommutative polydomain D™(A^). Set £ := A™~^{I m){M^) ■ According to Theorem 12.21 the 
noncommutative Berezin kernel Kf_x : -M — > {®\=iF'^ {Hm)) ® >? is an isometry with the property that 

for any i G {1, . . . , fc} and any j G {1, . . . , rii}. Now, define the bounded linear operator M :— Y^'^'K'^ ^ • 
((8)*LiF2(iJ„J) ®£^ i^LiF^iHnJ) ® "H and note that 

M(W,,, ® If) = yi/2K* x(W,,, ® /£) = ri/2x,,,Kj_x 
= (w,j ® /„)yi/2K*^^ = (w,,, ® /„)M 

for any i G {1, . . . , fc} and j G {1, . . . , n^}, which proves that M is a multi-analytic operator with respect 
to W,j. We also have MM* = Y^/'^K*y^Kf^x.Y^/^ = Y. This completes the proof. D 

We say that M C (<8)*^jF^(iJ„J) (g) "H is a Beurling type invariant subspace under the operators 
Wij ® I-H, i G {1, . . . , fc}, j' G {1, . . . , rij}, if there is an inner mult i- analytic operator with respect to W, 

such that M^^ (((8)^^iF2(iJ„J) (g)£). 
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Corollary 5.3. Let Ai C ((8)f^]^i^^(i?„J) (g) H be an invariant subspace under the operators W^.j ^lu, 
i G {1, . . . , fc}, j £ {1, . . . , ni}. Then A4 is of Beurling type if and only if 

{id - $/i,Wi®7„)P^ ---{id- <^f,.W,^lJ'"'{PM) > 

for any p :— {pi, . . . ,pk) G Z'^ smc/i i/iai p < m, where Pm is the orthogonal projection of the Hilbert 
space {®f^iF'^{Hjn)) (^ TL onto Ai. In the particular case when m = (1, . . . , 1), the condition above is 
satisfied when W ® I-hIm '■= (Wi <^ I-u\mt ■ ■ , Wfe ® I-hIm) is doubly commuting. 

Proof If * : (®jLii^^(if„J) (g) 5 ^- ((X)jL;iF^(/f„J) ® "H is a inner multi-analytic operator and M = 
* {{'^'i=iF'^{Hni)) (8) £^), then Pm = ***• Taking into account Lemma [2?T| we deduce that 

{id - a>/„Wi®/„)^^ ■■■{^d~ $/„w.®/„)^^ {Pm) = *(Pc ® hW > 

for any p := (pi, . . . ,pfc) G Z'^ such that p < m. The converse is a consequence of Theorem 15.21 when 
we take Y = Pm ■ 

Now, we consider the case when m = (1,...,1). Note that if A4 is an invariant subspace under the 
operators Wi, J (g)/-H, then W^/^j^vt is doubly commuting if and only if Pa^IW^^j^ (g)/-H)i-Vi commutes 
with ^7w(W4 j2 ®I-h)Pm for any zi,i2 S {!,..., fc}, «i 7^ Z2, and any ji G {l,...,nji}, j2 G {Ij-.-jn^J. 
The latter condition is equivalent to 

(5.3) PM{^ti,a®lH)PM commutes with PM{^l^,fi® Ih)Pm 

for any a G F+. and /3 G F+ . Assume that M is invariant subspace under the operators W^ j- ® I-u and 

^ ® Ih\m is doubly commuting. Then, due to relation (|5.3p . for any ai G F+ , z G {1, . . . , fc}, we have 

(Wi,., ®In)--- (Wfc,„, ® In)PM (W^,o, »/«)••• (Wt,„, /«) 
■ =(Wi,„, ®/„)P^(Wt^„^®/„)-..(Wfc,„, ®/„)Fm(W*^„^®/„). 

Consequently, we deduce that 

(Jrf-$/i,Wi®/„r • • • {^d-<^h,w,0inT''{PM) = {Pm - '^fuWi^iuiPM)f' ---{Pm- $/.,w.®/«(/'a4))'" 
for any p := {pi, . . . ,pk) G Z\_ such that p < (1, . . . , 1). Now, since Wi, . . . , Wk are commuting tuples, 
we deduce that Pm — ^fi,'Wi(g)i-H{PM), i G {l,...,fc}, are commuting operators. On the other hand, 
they are also positive operators. Indeed, let {ai^ai}a^f+ ^^ ^^^ coefficients of the positive regular free 
holomorphic function /i, and let x G (®*L]^F^(7f„.))®H have the representation 2; = xi-|-a;2 with respect 
to the orthogonal decomposition M.® M-^. Note that 

('J'/,,Wi(g./„(^M)a;, a;) = ($/,,Wi(»7„(^Ai)a;i,xi) = ^ ai^ai\\PM{^i,a, '8>/w)a;ilP 

|q|>1 

< (*/i,Wi(»/„(/)a;i,xi) < ||a;if = {Pmx.x) , 
which proves our assertion. Therefore, we can deduce that 

for any p := (pi, . . . ,pfc) G Z^ such that p<(l,...,l). Due to the first part of this corollary, we conclude 
that A4 is a Beurling type invariant subspace under the operators Wj^j (gi I-u- The proof is complete. D 

Let W := (Wi, . . . , W^) be the universal model associated to the abstract noncommutative domain 
D™, and let $ : ('X)f^iF^(i?TiJ) ^TL ^ {'^i=iF'^{Hn,)) (^ K. he a multi-analytic operator with respect to 
W, i.e., if $(Wij (8) /•«) = (W^j (g) Iic)^ for any i G {1, . . . , fc} and j G {1, . . • , f^i}. We introduce the 
support of $ as the smallest reducing subspace supp ($) C ®i=iF'^{Hni)) ®'H under each operator W^ j, 
containing the co-invariant subspace M := ^* {{'S'i^iF'^ {Hm)) ® /C). Using Theorem 15.11 and its proof, 
we deduce that 

supp(<I>)= V (W(„)®/„)(X) = (®ti^'(^«J)®A 



where £ :== (Pc ® /w)**((®f=i^^(^".)) ® ^)- 
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Assume that W :— (Wi, . . . , Wfe) is the universal model associated to the abstract noncommutative 
domain D™. We remark that if ^ : ((8)jLii^^(i?nJ) 'Si £ ^ {®\=iF'^ {Hm)) » H is an isometric multi- 
analytic operator and M. = ^ ((®jLjF^(iJ„.)) (g) £), then W (g) /-hIa^ is doubly commuting. Since 
this is a straightforward computation, we omit it. The converse of this implication holds true for the 
noncommutative polyball. 

Corollary 5.4. Let W :— (Wi,...,Wfe) he the universal model associated to the noncommutative 
polyball [B(H)"i]r X, • . • Xe [B(H)"^]r, I.e., m = (1, . . . , 1) and /, := Z,,i + • ■ • + Z,,„^ /or i G {1, . . . , k}. 
If M. C {®'l^iF'^{Hni))®'H is a nonzero invariant subspace under the operators 'WijSl-n, then'W ®I-u\m 
is doubly commuting if and only if there is a Hilbert space C and an isometric multi- analytic operator 
$ : {(gi'y^,F^{Hn^)) (g) £ ^ (<»-=ii^'(ff«.)) <» n such that M = <!>{{(»'^^^F^{H„^)) (g C). 

Proof. Due to the remarks preceding this corollary, it remains to prove the direct implication. Assume 
that W(g)/-H|A1 is doubly commuting. Corollarv l5.3l and Theorem l5.2l implv the existence of an inner multi- 
analytic operator * : (®JLi^^(^«.)) «) f ^ (g)*Li^^(^nJ) (»^ such that M = *(((g^^iF2(7f„J) g) 5). 
Since W^j are isometrics, the initial space of*, i.e., **((g>*Ui^^(-?^ni))®'H) = {x € ((gjLiF2(7?„.))g)£: : 
|*x|| ~ \\x\\} is reducing under each W^.j. On the other hand, the support of ^I^ is the the smallest 
reducing subspace supp (*) C F'^{Hn^)) g) T-L under each operator W^^j, containing the co-invariant 
subspace **((g)*Li-F'^(-ff«J) ® "H). Therefore, we must have supp (*) = **((g)Li^^(^nJ) ®'^)- Note 
that $ := *|supp(*) is an isometric multi-analytic operator. Since supp (*) — {®i^iF^{Hni))<E)C, where 
C := (Pc g) /£)'i'*((g)*^^iF2(i?„J) g) n) and M = $(((gjLiF2(iJ„J) g) £.), the proof is complete. D 



We remark that in the particular case when ni = ■ • • = n^ = 1, Corollarv l5.4l is a Beurling type result 
for the the Hardy space iJ^(D'^) of the polydisc, which seems to be new if fc > 2. 

We recall that ■p(W) is the set of all polynomials pCWij) in the operators W^j, i e {!,..., fc}, 
j e {1, . . . , n^}, and the identity. 

Lemma 5.5. // W := (Wi, . . . , W^) is the universal model associated to the abstract noncommutative 
polydomain D™, then the C* -algebra C*(Wij) is irreducible. 

Proof. Let M ^ {0} be a subspace of d^^^^F^ (Hm) , which is jointly reducing for each operator W^^ for 
alH e {!,..., fc} and j G {1, . . . , Hi}. Let ip € M, f ^ 0, and assume that 

/3i6F+j,...,/Jt,eF+^ 

If cipi,...,Pk is a nonzero coefficient of ip, then, using relation ()2.6p . we deduce that 

On the other hand, according to Lemma I^TTl (/ — $gi,-Wi)'"^ ••■(/ — ^qk.yVk)"^'°{I) = Pc, where Pc is 
the orthogonal projection from g)*Lj^i^^(7f„.) onto CI C ®*i^iF'^{Hni). Hence, and using the fact that 
M is reducing for each W^j, we deduce that ap^^,,,,p^^ £ M, so 1 G M. Using again that M is invariant 
under the operators W^j, we have M = ®^^iF'^{Hni). This completes the proof. D 

Let T = (Ti, . . . , Tfc) G TiY'iH) and T' = (r{, . . . , T^) G DpCH') be fc-tuples with T, := {T,,i, ..., T,,„J 
and T/ := (T/j^, . . . ,r/„.). We say that T is unitarily equivalent to T' if there is a unitary operator 
U ■.H^W such that tIj = U*Tl^U for aU i G {1, . . . , fc} and j G {1, . . . , n,}. 

Theorem 5.6. Let T = (Ti, . . . ,rfc) be a pure k-tuple in the noncommutative polydomain Dp^(H) and 

let 

Kf^T : n -^ F\Hn,) (^ ■ ■ ■ ® F^{H„^) A^t(^)(^) 
be the noncommutative Berezin kernel. Then the subspace Kf_T^ *s co-invariant under each operator 
Wij- g) J^m ^ for any ? G {1, . . . , fc}, j G {1, . . . , Ui} and the dilation provided by the relation 



T(„) = Kf*,T(W(„) /^■^^(,)(^) )Kf,T, (a) G F+ X . . . X F, 



+ 
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is minimal. If f = q = (gi, . . . ,qk) is a k-tuple of positive regular noncommutative polynomials and 

span{W(„)W^^)) : (a), (/3) G F+ x • ■ • x F+J = C*(W,,,), 
then the minimal dilation of T is unique up to an isomorphism. 

Proof Due to Theoreml^?^ we have Kf^TT*.j = (W*^- (X)/)Kf ^t for any i e {!,..., k} and j G {1, . . . , nj, 
where the noncommutative Berezin kernel Kf t is an isometry. On the other hand, the definition of the 
Berezin kernel Kf x implies 



(Pc ® V^(j)(^) )i^f,TH = Af^T,{i)in). 



Using Theorem IS.ll in the particular case when A^ := KfT'H and £ := A.f\j,(I){H), we deduce that the 
subspace Kf^x^ is cyclic for W^.j (g)/^ for i G {1, . . . , fc} and j G {1, . . . , n^}, which proves the minimality 
of the dilation, i.e., 

(5.5) (^ti^'(^«J)0A^VCO(Hy= V (W(„)® ^A,^^(/)(H) )Kf,T?^. 

(a)eF+jX---xF+j^ 

To prove the last part of the theorem, assume that f = q = (qi, . . . ,qk) is a fc-tuple of positive regular 
noncommutative polynomials and that the relation in the theorem holds. Consider another minimal 
dilation of T, i.e., 

(5.6) T(„) = V* (W(„) ®Ij,)V, (a) G F+ X . . . X F+ , 

where V : Ti —> {®\=\P'^{Hni)) ® 2? is an isometry, VH is co-invariant under each operator W^j- Jx), 
and 

(5.7) (0ti^'(^nJ)S5P= V (W(„) ® /i,)FH. 

(Q)eF+^x---xF+^ 

Due to Theorem l2.41 there exists a unique unital completely positive linear map 'i'q.x : C'*(Wij) -^ B{T-L) 
such that 

*q,T (EP7(W..,)g^(W,,,)*) ^Y.p,{T.,^,)q,{T,^,r 

\7=1 / 7=1 

for any p^(Wij), g^(Wij) G 'P(W) and s G N. Consider the ^-representations 

and 

7r2 : C*(W,j) ^ S((®tiF2(i7„J) ® P), ^2(^) := ^ «> /p- 
Since the subspaces Kq^x?^ and V^'H are co-invariant for each operator W^j- ® I'w^^r-nry, the relation 
(|5.6p implies 

*q,x(^) = K*_x^l(X)Kq,X = V*7T2{X)V, X G C*(W,,j). 

Due to relations (|5.5p and (J5.7I) . we deduce that tti and 7r2 are minimal Stinespring dilations of the 
completely positive linear map V&q.x- Since these representations are unique up to an isomorphism, there 
exists a unitary operator U : ((X)f^iF2(iJ„J) (gj A^rj,{I){'H) -^ {®^=iF'^{Hn,)) ® V such that 

C/(W,j ® /^g.^(j)(^) ) = (W,j ® I-d)U 

and t/Kq X = V . Taking into account that U is unitary, we deduce that 



TTi : C*(W, J ^ B((®ti^'(^nJ) ^ A-t(/)(H)), ^i(^) := ^ S§ /^■„^(,)(^) 



Since C*(Wi.j) is irreducible (see Lemma [5. 5p . we must have U = I ^ Z, where Z G i?(A™^('H),2?) is 
a unitary operator. This implies that dim A™rp(H) = dim 2? and C/Kq_x'H = VH, which proves that the 
two dilations are unitarily equivalent. The proof is complete. D 
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Let "D be a Hilbert space such that the Hilbert space T-l can be identified with a co-invariant subspace 
of (d2)*L;^F^(_ff„J) (g) V under each operator Wij (g) I-p for any i € {1, . . . ,k}, j € {1, . . . , m} and such 
that T(„) = y*(W(„) (g) Iv)V for (a) e F+ x • • ■ x F+^. The dilation index of T is the minimum 
dimension of T) with the above mentioned property. We remark that the dilation index of T coincides with 
rankA™,p(/). Indeed, since AJ?\^(/) — Pc, where Pc is the orthogonal projection from ^jLi-^^C-f^nJ 
onto CI C g)LiF^(i?„J, we deduce that A™t(/) = F« [Pc^Iv] [H- Hence, rankA™T(/) < dimP. 
Now, Theorem 15.61 implies that the dilation index of T is equal to rank A™rj, (/) . 

Proposition 5.7. Let q = [qi, . . . ,qk) is a k-tuple of positive regular noncommutative polynomials such 
that 

span{W(„)W(*^)) : (a), (/3) G F+ x • ■ • x F+J = C*(W,,,). 

A pure k-tuple T = (Ti,...,Tfc) G D™(7^) /las rank A"'r|,(/) — n, n = l,2,...,oo, if and only if it is 
unitarily equivalent to one obtained by compressing (Wi Cg/c", . . . , W^ (g)/c") to a co-invariant subspace 
A4 C {'^i=iF'^ (Hm)) g) C" under each operator W^.j g) /c", i G {1, . . . , fc} and j G {1, . . . ,ni}, with the 
property that dim[(Pc ® ^C" )-M] = i^r where Pc is the orthogonal projection from (gjLj^i^^ {Hm ) onto CI . 



Proof. The direct implication is a consequence of Theorem 15.61 To prove the converse, assume that 

T(„) = Pw(W(,) ® /c.OI«, (a) e F+ X . . . X F+ 

where 'H C {^i=iF'^ {Hm)) ® C" is a co-invariant subspace under each operator W^j g) /c" for any 
i G {1, . . . , k}, j G {1, . . . , rii} , such that dim(Pc <E> Ic^)Ti = n. Note that T is a pure element in the 
noncommutative polydomain D™(7{). First, we consider the case when n < oo. Since {Pc®Ic")'H ^ C" 
and dim(Pc €5 Ic")T~t. — n, we deduce that (Pc <E> /c")^ ~ C". This condition is equivalent to the 
equality H"*" flC" = {0}. Since A™.^(/) = Pc, where Pc is the orthogonal projection from <8)^=i-F^(-ffnJ 
onto CI C ®*Li-F^(iI„,), we deduce that A™t(J') = Pn [Pc «> /c"] |-h = Pn^"- Consequently, we have 
rank A™rj,(/) = dimP-j^C". If we assume that rank A™rj,(/) < n, then there exists h G C", h j^ 0, with 
Puh ~ 0. This contradicts the fact that TL^ D C" = {0}. Therefore, we must have rank A™rp(/) — n. 
Now, we consider the case when n — oo. According to Theorem 15. II and its proof, we have 

{®tlF^{Hn.))®£= V (W(„)®/C")H 

(a)eF+, X---XF+, 

where £ := (Pc ® /c")^- Since (g'f^i-F^(-ffni)) ® ^ is reducing for each operator W^j g) /c™, we deduce 
that T(„) = -Ph(W(q,) (g) /g)!^, (a) G F+ x • ■ • x F+^. The uniqueness of the minimal dilation of T (see 
Theorem l5.6l) implies dim A™rp(I)'H = dim 5 = oo. This completes the proof. D 

We can characterize now the pure n-tuples of operators in the noncommutative polydomain 0^(7^), 
having rank one, i.e., rank A™r|,(/) = 1. 

Corollary 5.8. Under the hypothesis of Proposition [??7| the following statements hold. 

(i) If M CI ®^=iF'^{Hn.) is a co-invariant subspace under each operator ^ij, where i G {1, . . . , fc} 
and j G {1, . . . , rii}, then 

T :- (Ti, . . . , Tfe), T, := (PmW^ |a^, . . . , Pa<W,,„. \m), 

is a pure k-tuple in D™(A^) such that rank A™rp = 1. 
(ii) If M' is another co-invariant subspace under each operator "Wij, which gives rise to an k-tuple 
T' , then T and T' are unitarily equivalent if and only if Ai = A4' . 

Proof. Since A™rp(/) = PmPcIa^ we have rankA™rp(/) < 1. On the other hand, it is clear that T is 
pure. This also implies that A™rj,(/) ^ 0, so rank A™^(/) > 1. Therefore, rank A™rj,(/) = 1. 

To prove (ii), note that, as in the proof of Theorem 15. 6[ one can show that T and T' are unitarily 
equivalent if and only if there exists a unitary operator A : ®\^iF'^{Hn,) — > ®\=iF'^{Hni) such that 
AW,j = W,jA, i G {!,..., fc}, j G {!,..., nj, and KM = M' . Hence AW*^ = W*jA. Since 
C*(Wij) is irreducible (see Theorem 17. ip . A must be a scalar multiple of the identity. Therefore, we 
have A^ = AA^ = M' . D 
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6. Characteristic functions and operator models 

We provide a characterization for the class of tuples of operators in D™(H) which admit characteristic 
functions. We prove that the characteristic function is a complete unitary invariant for the class of 
completely non-coisometric tuples and provide an operator model for this class of elements in terms of 
their characteristic functions. 

Let W :— (Wi, . . . , W^) be the the universal model associated with the abstract noncommutative 
domain D™. We say that two multi-analytic operator <!> : ((g)f^iF^(iJ„J)(8)/Ci —?■ ((8)JLiF^(7?„J)®/C2 and 
$' : ((8)f^ii^^(if„J)(g)/Ci -^ {'^i=iF^{Hni))^IC2 coincide if there are two unitary operators T,- e B{K.j,K.'^) 
such that 

Lemma 6.1. Let $s : ((g)f^jF^(_ff„.)) ® "Hg — )• ((g)*LjF^(iJ„J) ® /C, s = l,2, be multi- analytic operators 
with respect to W := (Wi,...,Wfe) such that $i<f>5^ := $2'I'2- Then there is a unique partial isometry 
V : Til -^ T-i2 such that 

where {I^k f^(h„ )®V) is an inner multi- analytic operator with initial space supp(<i>i) and final space 
supp($2)- In particular, the multi- analytic operators '^i\s\x'DX)('i'i) '^^'^ *J'2|supp($2) coincide. 

Proof. Due to Lemma [^TTl {id - ^/i.wj™^ ■ ■ ■ (id ~ ^fk,Wk)"^''{I) = Pc, where Pc is the orthogonal 
projection from fSii^iF^ {Hn.) onto CI C ^^Li^ ■^(-ffnj- Since $1,^2 are multi-analytic operators with 
respect to W, we deduce that $i(Pc ® Ini)^i — "^2(Pc ® -^«2)*^2- Consequently, we have 

||(Pc«)/wJ$tx|| = ||(Pc®/«J$^x||, X e i^tiF^Hn,)) ^ IC. 



Set Cs := (Pc "Xi I-Hs)^*sii'^i=iF'^{H„i)) (8) /C), s = 1, 2, and define the unitary operator U : Ci ^ C2 hy 
U{Pc In.Mx := (Pc In,W2x, x e (®ti^'(^nj) ® JC. 

This implies that there is a unique partial isometry V : Hi — > ^2 with initial space Ci and final space 
£2, extending U. Moreover, we have $1^* = $2|i®-H2- Since $1,^2 are multi-analytic operators with 
respect to W, we deduce that ^i{I^k f^(h„ ) ® ^*) — *^2- Hence, the result follows. Now, the last part 
of the lemma is clear. D 

We say that T — (Ti, . . . ,Tk) G D™(?^) has characteristic function if there is a Hilbert space £ and 
a multi-analytic operator * : ('X)f^iF2(if„.)) ® f -j> («'jLii^^(i?„J) ® A^^(/)(H) with respect to Wij, 
i G {1, . . . , fc}, j G {1, . . . , n^}, such that 

Kf,TK^,T + *** =!■ 
According to Lemma I6TT1 if there is a characteristic function for T G D™(H), then it is essentially unique. 

We give now an example of a class of elements T G D™(7{) which have characteristic function. Let 
* : {'^i=iF'^{HnJ) <S) £ -^ {®i=iF^iHni)) ® G he an inner muhi-analytic operator with *(0) = and 
consider the subspace A4 := \['(((8'f^i-F'^(-ffni)) ®£). Note that A1 is invariant under each operator W^j 
and define Tij := Pj^± (W^^ (g) Ig)\M^ for i G {1, . • • , k} and j G {!,..., nj. Set T := (Ti, . . . , T^), 
where T^ — (T^ 1, . . . ,Tij), and note that 

Since *(0) = 0, we have 1 (g) ^ C M^ and, consequently, A™^(/^i)^/^ — (Pc g) Ig)\M-^- Consider an 
arbitrary vector 



ftGF+ ,i=l,...,fc 



h= > e^^ C!$---(»e;3^, (K>/ift,...,/3, 
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in Ai^ C ((X)f^]^F^(iJ„.)) O Q. Using the definition of tlie noncommutative Berezin kernel and relation 
(j2.6p . we obtain 

Kfx/i :- > ^ \/b\Z" ■ ■ ■ \/b\"'J'_>el ® • • • ® el ® (Pr. Ia)(W* «, • • • Wt «, «. /, 





..,fc 


••\/«4.®- 


• • ® e^^ ® (Pc /c;)(W*,^^ • • • W^,^^ ® 




V°l:/3l 
.,fc 


••\AS^4.®-- 


k 1 1 /, , 





■Jik 

Consequently, Kf_T can be identified with the injection of M^ into {<E)i^iF'^ (Hn.)) ® Q, and Kf ^K^ ^ 
can be identified with the orthogonal projection P^vi-l. Therefore, Kf _tK| ^j, + vj/v]/* = /^ which proves 
our assertion. 

We also remark that in the particular case when fc = 1 and rui = 1, all the elements in the noncom- 
mutative domain Di have characteristic functions. 
ji 

Theorem 6.2. A k-tuple T ~ (Ti, . . . ,Tk) in the noncommutative polydomain D™(?^) admits a char- 
acteristic function if and only if 

Al^^jil - Kf,TKf t) > 

for any p :— {pi, . . . ,pk) G Z,^ such that p < m, where Kf.T is the noncommutative Berezin kernel 
associated with T. 

Proof. If T has characteristic function, then there is a multi-analytic operator $ with the property that 
Kf_TK| rp + vp** = /. Using the multi-analyticity of *, we have 

A?,w«,(/ - Kf,TK^,T) = *AP^^,(/)vI/* > 0, 

for any p := {pi, . . . ,pk) £ Z*^ such that p < m. For the converse, we apply Theorem l5.2l to the operator 
Y = I — Kf ^tK| ^ and complete the proof. D 



If T has characteristic function, the multi-analytic operator AI provided by the proof of Theorem 15.21 
when Y = I — Kf.TK^ rp, which we denote by 6f,T, is called the characteristic function of T. More 
precisely, Of^x is the mult i- analytic operator 

ef,T : (®ti^'(^nJ) ^ A-m^(/)(A^t) ^ (S5tiF2(iJ„J) ® A™t(/)(^) 

defined by Gf.x := (/ - Kf.xK* ,j,)^''^K* j^^, where 



Kf,T : n -^ F\HnJ ® • • • ® F2(i7„J A^t(^)(^) 
is the noncommutative Berezin kernel associated with T and 

Kf,MT : n ^ F^Hn,) «. • • • ® F2(i7„J®A™j^^(/)(A^T) 
is the noncommutative Berezin kernel associated with Mt G D™(7Wt)- Here, we have 



Mt '■= range (/ — Kf^xK 



f,T^ 



and Mt := {Mi,...,Mk) is the fc-tuple with M^ := (Afi^i, . . . , Mj,„J and Mij £ B{Mt) given by 
Mij := A* ,, where Aij G B{Mt) is uniquely defined by 



^ij 



{I - Kf,TKJ t)' X := (/ - Kf^TK^ t)^ i^^.J » I)x 



\I2, 



for any x G {®\^^F'^(Hn,))®^'^r^{I){U). According to Thcorcm[521 we have Kf^xK* T + 0f,TB| ^ = ^■ 
We denote by C^l(K) the set of aU T = (Ti, . . . , Tfc) G DJ?'(7^) which admit characteristic functions. 

Theorem 6.3. Let T = (Ti, . . . jTfc) he a k-tuple in C|"('H). Then T is pwre i/ and only if the char- 
acteristic function Gf.x is an inner multi- analytic operator. Moreover, in this case T = (Ti, . . . ,Tfe) is 
unitarily equivalent to G — (Gi, . . . , Gk), where Gi :— (G^.i, . . . , Gi.m) is defined by 
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and Ptif -r is the orthogonal projection of (®jLi-F'^(i?ni)) ® A™rp(/)(H) onto 

Hf,T := {(®tii^'(i?nj) ® A™tU)(H)} Grange ef,T. 

Proof. Assume that T is a pure fc-tuple in C™(H). Theorem 12.21 shows that the noncommutative Berezin 
kernel associated with T, i.e., 



is an isometry, the subspace Kf.xH is coinvariant under the operators W^j- (g) /.m (T)(aj) i * G {1: ■ • ■ j ^1: 
j € {1, . . . , n^}, and Tij = KJ -pl^jj' ® ^a"* (/'((•h) )-^^-'^^' ^i'^'^^ Kf xK^ ,p is the orthogonal projection 
of ((g)jLii^2(^^ J) (g) A™t(^)(^) onto Kf^TH and Kf^TK*,j, + Of^xOf^x = ^^ ^e deduce that Of^x is 
a partial isometry and Kf.x?^ = Hf^x- Since Kf.x is an isometry, we can identify H with Kf.x?^- 
Therefore, T = (Ti, . . . , Tk) is unitarily equivalent to G = (d, . . . , Gfe). 

Conversely, if we assume that 0f.x is inner, then it is a partial isometry. Due to the fact that 
Kf xKj rp + 0f ^x0f X ~ ^' ^'^^ noncommutative Berezin kernel Kf x is a partial isometry. On the 
other hand, since T is completely non-coisometric, Kf^x is a one-to-one partial isometry and, therefore, 
isometry. Due to Theorem 12. 2[ we have 

K*f xKf ,x - lim (^d - '^f^ j,J • • • (id - <^l r, W ^ I 

' / \ ,-r7l k' J K t -'- K J 1 J -'- 1 

q={qi,...,qk)eZ% 

Consequently, T is a pure fc-tuple. The proof is complete. D 

Now, we are able to provide a model theorem for class of the completely non-coisometric fc-tuple of 
operators in C™(7{). 

Theorem 6.4. Let T — (Ti, . . . ,Tk) be a completely non-coisometric k-tuple in Cf^{'H) and let W := 
(Wi, . . . , Wfc) he the universal model associated to the abstract noncommutative domain D™. Set 



/ \l/2 

and Aej. T := ( ^ — B^ x^f ,t ) , where 0f,x is the characteristic function o/T. Then T is unitarily 

equivalent to T :== (Ti, . . . ,Tfe) G Cp^(]HIf^x); where Ti := (T^.i, . . . ,Ti^„.) and Tij is a bounded operator 
acting on the Hilhert space 



Hf,x 



e {ef,x<^ ® Aef.xV' : f e i^tiF^iHn,)) ® 2?*} 
and is uniquely defined by the relation 

(-^((»*=iF2(_H-„.))8-D|Hf,TJ '^tj^ = (^tj ® I'd) \P{(^'i^^F-^(H„.))(ii,vWt.TJ ^ 

for any x £ Hf.x- Here, Pt^k f'^{h„ ))®'D ^^ ^^^ orthogonal projection of the Hilbert space 



ICf,T ■■= {{®tiF\Hn,)) ®T^)® ^e,,A{®tiFHHn,)) ® I?*) 
onto the subspace {<^i=iF'^{Hn-)) ® 2?. 

Proof. First, we show that there is a unique unitary operator F : H — > Hf^x such that 

(6.1) F(Kf*,x3) = flH,,x(3©0), g€{^tiF\H,J)(g>V, 

where Piif t the orthogonal projection of /Cf_x onto the subspace Hf^x- Indeed, note that the operator 
$ : {®'!^iF^{Hn,)) (g) P "> /Cf^x defined by 

$</?:= Of. xV5©Aef,x'/'> <P G (®Li^^(ff«.)) ® P*, 
is an isometry and 

(6.2) $*(g©0) = e|,x5, g€{®tiF\H^^)®V. 
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This leads to 

llfff = \\Pu,,^{g © 0)f + ||$<J>*(g © 0)f = |1Ph,,(<? © oW + lie?,T5f 
for any g G ((8>f^i-F'^(i?nJ) © T). Now, taking into account that 

\m,T9r + ii0f,T5f = hr, g & (®ti^'(^«j) ^^, 

we deduce that 

(6.3) ||K^,T5ll-II^Hf,T(.9®0)||, ge(©ti^'(^nj)®^. 

Since the fc-tuple T — {Ti, . . . ,Tk) is completely non-coisometric, the noncommutative Berezin kernel 
Kf.T is a one-to-one operator and, consequently, range K|r|, is dense in %. Now, let x G Hf^x and 
assume that (x, flsf ^ (.9 ® 0)) =0 fo^' ^i^Y 9 6 (<8>iL^F^(iJ„.)) © 2?. Using the definition of Hf^x and the 
fact that /Cf^x coincides with the span of all vectors (/©O for g £ (©^^]^F^(7J„J) ©2? and Gf^xV'© Ae, tV' 
for if e (©iLi-P'^(-ffni)) © ^, we deduce that a; = 0. This shows that 

Hf,x = {Pm,A9®^) ■■ 9 e (©ti-F^'(-ffnJ) ©2?} 

Using relation (|6.3|) . we conclude that there is a unique unitary operator F satisfying relation (|6.ip . For 
each i £ {1, . . . , fc} and j' G {1, . . . , rii}, let Tij : Hf^x ^ Hf^x be defined by 

T,,, :=FT,jF*, ze{l,...,fc},je {!,..., nj. 

In what follows, we prove that 

(6-4) (^(«>J^i-F2(//„,))®I'lHf,T j T*j^ = (W*,,- © /p) [P((S^^_^F^{H„^))tSv\Mt^T:j X 

for any i e {1, . . . , fc}, j G {1, . . . , n^}, and a; G Hf^x- Using relations (|6.ip and (|6.2p . and the fact that $ 
is an isometry, we deduce that 

-P((»^^j_F2(^^.))^pFKf .p.9 = ^(®J'^iF2(_H-„j)®r>flaf.T(.9 © 0) = ,g - -P(®j^j_f2 (_?/„. ))g,i3*** (5 © 0) 

= ,9 - 0f,T0f,x.9 = Kf^xKf t5 

for any g G {®^=iF'^{Hni)) © ^- Taking into account that the range of K^ rp is dense in %, we deduce 
that 

(6-5) P(^fc^^j.2(^^j)^pF = Kf^x- 

Hence, and using the fact that the noncommutative Berezin kernel Kf^x is one-to-one, we can see that 

is a one-to-one operator acting from Hf.x to (©jLi^^l^nJ) © 2?. Relation (|6.5p and Theorem 12.21 implv 

= (W*j © Iv) Kf,x/^ = (W*^. © Ij,) (P(®j^^F2(ff„^))®p|Hf.T) r/i 

for any i G {1, . . . , fc}, j G {!,..., rii}, and h G TL. Now, we can deduce relation (|6.4I) . Note that, since 
the operator P(,gfc f^ih^ ll^dHf t is one-to-one, the relation (16.41) uniquely determines each operator 
T* ■ for alH G {1, . . . , fc} and j G {1, . . . , rii}. This completes the proof. D 

In what follows, we show that the characteristic function 0f^x is a complete unitary invariant for the 
completely non-coisometric part of the noncommutative domain C™. 

Theorem 6.5. Let T := (Ti, . . . , Tfe) G Cf™('H) and T' := (T{, . . . , Tj,) G CfiW) he two completely non- 
coisometric k-tuples. Then T and T' are unitarily equivalent if and only if their characteristic functions 
0f .T cind Qf X' coincide. 
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Proof. Assume that the /c-tuplcs T and T' are unitarily equivalent and let C/ : H — > "H' be a unitary 
operator such that Tij — U*Tl aU for any i G {l,...,fc} and j e {1, . . . , rii}. It is easy to see that 
C/A™t(/) == A^,j,,{I)U and, consequently, UV = V, where 



Using the definition of the nonconimutative Berezin kernel associated with Dp, one can easily check that 
{I^k_ p2(^H„.) '^ U)Kf^T — Kf^T't^- This implies 

(6.6) (^®tiF^(ff".) ® ^)(^ - Kf,TK^^T)(^»ti^^(ff.,) ®U) = I- Kf,T'K^,T' 



and {I^k_ ^2(^^ ) U)Mt ~ Mt, where Mt := range (/ — Kf^xK^ rj,) and JV[t' is defined similarly. 
Recall that Mt':= (Mi, . . . , Mfe) is the fc-tuple with Mi := (M^^i, . . . , Mi,„J and M,^j e B{Mt), and it 
is given by Mij :— A* j, where Aij G B{Mt) is uniquely defined by 



^ij 



(/ - Kf^TK^ t)^''^^;] := (/ - Kf^xK^ t)^^^(W,j I)x 



for any x G {®\=iF'^{Hni)) ® ^^t{I){T~L)- Similarly, we define the fc-tuple Mx' and the operators 
A[^^ e B{Mt')- Note that 

AAI - Kf,xKfT)'/'2; = (V^^f2(ff„^) ® C/*)A^,,(/ - Kf,x'Kf*,x')'/'a8t,F^(H„,) ® U*)x 
for any x £ (®,^=iF2(i?„J) (g) A™t(/)(-H). Hence, we deduce that 



Now, we can see that {I^k_ ^2(/^^ ) U)V^ = V^, where 2?, := AY^-^^{I){Mt) and 2?^ is defined 
similarly. We introduce the unitary operators r and t' by setting 

T := f7|D -.V^V' and t, := (/,g'=_ f^(h^.) ® t^)|i'. • ^* ^^ ^*- 
Using the definition of the characteristic function, it is easy to show that 

To prove the converse, assume that the characteristic functions of T and T' coincide. Then there exist 
unitary operators t : 2? — > 2?' and r, : 2?, -^ V^ such that 

It is clear that this relation implies 



and 



Aof.T - U®J^iF2(ff„^) ® T* j '^eiT, U(®f^^F2(_f/„. 



{hL^FHH^.) ® ^*) ^e,,,((«iii^2(i?„J ® 2?,) = Ae,,,, {(^LiFHHn,) ® I?'J- 
Define now the unitary operator U : /Cf^x -^ ^f,T' by setting 

^ — iI®1^,FHH„^) (St)® {I(g,k^^F^{H„^) ® T^)- 

Note that the operator $ : (®f^ii^^(i?„J (X) 2?* ^ ^f,T, defined by 

and the corresponding $' satisfy the following relations: 

(6.7) C^'&(V^,F^(i/„,)®^*)*-*' 

and 
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where PfJk^ F^fif isai? ^^ ^^^ orthogonal projection of /Cf.T onto ('X'f^iF^(i?„J (g) P. Note also that 
relation (j6.7p implies 

= /Cf,T' e $'(/55j^^j.2(jj„^) T,)((®^^ii^2(ij„j (g) 2?,) 

= /Cf,T' e $'((®tiF2(i7„J ® 2?;). 
This shows that the operator U\m( -^ ■ Hf.T -^ Hf.T' is unitary. Note also that 

(6.9) (W*^- ® /p')(^(®ti^^(«-H) ® ^) ^ (^(®ti^^(«".) ® ^^(^Ij ® ^^)- 

Let T := (Ti, . . .T„) and T' :— {T[, . . .T'„) be the model operators provided by Theorem 16.41 for T and 

T', respectively. Using the relation (|6.4p for T' and T, as well as (16. 8p and (|6.9p . we have 






— p'^''-'^' r/T* T 

for any i = {1, . . . , fc}, j e {!,..., n,;}, and a; G Hf,T- Since P^^^k^' p2(^H^ j^j,,\mt.j., is an one-to-one 

operator (see Theorem l6.4p . we obtain (C/lHf.x) "^ij ^ C^'ij)* (^iHf.x) ■ Due to Theorem l6.41 we conclude 
that the fc-tuples T and T' are unitarily equivalent. The proof is complete. D 

Proposition 6.6. //T = (Ti, . . . ,Tk) G D™(H), then the following statements hold. 

(i) T is unitarily equivalent to (Wi ® I/c, ■ ■ ■ , W/j (E) Ik.) for some Hilbert space K, if and only if 
T G C™(?^) is completely non-coisometric and the characteristic function 9f^T — 0. 

(ii) If T E C™(7{), then 0f.T has dense range if and only if there is no nonzero vector h E Ti such 
that 

hm {i^d-<^''l^J■■■{^d-m^J{In)h,h) = \\h\\. 

Proof. Note that if T = (Wi I/c, ■ ■ ■ , W^ (g) I]c) for some Hilbert space /C, then Kf^x — I- Since 
Kf^xKf rp -f 6f.T6f T — I J '^e deduce that 8f,T = 0. Conversely, if T e Cf^{H) is completely non- 
coisometric and the characteristic function 9f.T ~ 0, then Kf^xK^ rp = /. Using Theorem 16. 4[ the result 
follows. 

Due to Theorem 12.21 the condition in item (ii) is equivalent to ker(/ — K^ rpKf.T) = {0}, which is 
equivalent to ker(/ — Kf^xK^ ^) = {0} and, therefore, to ker0f_x0f x = {0}- Hence, the result follows. 
The proof is complete. D 

7. Dilation theory on noncommutative polydomains 

We develop a dilation theory on the noncommutative polydomain D™('H) and obtain Wold type 
decompositions for non-degenerate ^-representations of the C*-algebra C*(Wi.j). 

We recall that V(W) is the set of all polynomials p{Wij) in the operators W^.j, i <E {!,..., k}, 
j G {1, . . . , n,;}, and the identity. 

Lemma 7.1. Let q — {qi,...,qk) be a k-tuple of positive regular noncommutative polynomials and let 
W = (Wi, . . . , Wfc) he the universal model associated with the noncommutative polydomain D™. Then 
all the compact operators in B{®'^^^F'^ (11^^)) are contained in the operator space 

S := span{p(W,,,)g(W,,,r : p{W,,,),q{W,^,) G 2'(W)}, 

where the closure is in the operator norm. 
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Proof. According to Lemma |2.H we have 

(7.1) (/ - <i>,„wj"^ •••(/- ^^^wJ^H^) = Pc, 

where Pc is the orthogonal projection from ^^^iF'^iHm) onto CI C ®,'Li-F'^(iJ„. ). Fix 

g(W,j) := Y^ d/3i,...AWi^/3, •••Wfc,^, and f := ^ c^i,...,/3k4i ® " ' " ® 4^ 

/3ll + ---+l/3fcl<" 

and note that Pc.g(Wij)*^ = {£^,g(Wij){l)) . Consequently, we have 

(7.2) x(W.,,)Pc5(W,,,)*C = (e,5(W.,,)(l))x(W,,,)(l) 

for any polynomial x(Wij). Using relation (|7.1I) . we deduce that the operator x(Wij)Pc5(Wij)* has 
rank one and it is in the operator space S. On the other hand, due to the fact that the set of all 
vectors of the form J2 rf/3i,...,^fcWi^^j ■ • ■'^k.Pki^) with n S N, dij^^,,,^p^ e C, is dense in 

-3ier+j,.-.,/3fceF+^ 

/3ll + --- + l/3fcl<" 

®^=iP'^{Hni), relation (|7.2p implies that all the compact operators in i3((g)^^]^_F^(i/„.)) are contained in 
S. This completes the proof. D 

Let C*(r) be the C*-algebra generated by a set of operators F C B{1C) and the identity. A subspace 
H C K. is called *-cyclic for F if /C = spa.n{Xh, X £ C*(F), h G 'H}. The main result of this section is the 
following dilation theorem for the elements of the noncommutative polydomain D™('H). 

Theorem 7.2. Let q = (gi, . . . ,qk) be a k-tuple of positive regular noncommutative polynomials and let 
W = (Wi, . . . , Wfc) he the universal model associated with the abstract noncommutative polydomain D™. 
If T — (Ti, . . . , Tfc) is a k-tuple in D™(7{), then there exists a ^-representation -k : C*(Wij) — >■ B{1C-„) 
on a separable Hilhert space A^^, which annihilates the compact operators and 

{I ~ *gi,^(Wi)) ■■■{!- *g,,^(W.))(-^Kj = 0, 

inhere 7r(Wi) :— (7r(Wi_i), . . . , 7r(Wi_„J), such that % can be identified with a *-cyclic co-invariant 
subspace of 

under each operator 



/C 



Cl^'(^nJ)®A-T(/)(H) 



' A^TT 



^... := 



' 7r(W, 



1,3 > 



i e {l,...,k},j e {l,...,nj}. 



where ^^^^{1) := (id- $,i,Ti)"^ • • • (id- ^g.^Tj™^-^); a"^ s'^c/i t/iai T*j = V;*,|« /or aZH G {1, . . . , k} 
and j G { 1 , . . . , n^ } . 

Proof. Applying Arveson extension theorem [3] to the map ^q.T of Theorem 12.41 we find a unital com- 
pletely positive linear map *q,T : C*{Wij) — >■ i?(H) such that *q.T(W(Q,)W(^))* = T(c)TT„j, where 
T(q,) := Ti^ai ■■■TkMk fo^ (q^) •= (ai,...,afc) G F+^ x •.• x F+^, and W(c) is defined similarly. Let 
TT : C*(Wij) -> BiJC) be the minimal Stinespring dilation [53 of *q.T. Then we have 

and K. = span{7f(X)/i : X G C*(Wij),h G ?^}. Now, we prove that that P-uTi'(W(a))\H-^ = for any 
(a) := (ai, . . . , a^) G F+^ x . ■ . x F+^. Indeed, we have 

*q,T(W(„)W*„)) = T(„)T^„) = /'«^(W(„))^(W*„))|„ 

- P«^(W(„))(P„ + P„.)^(W^„))|„ 

= *q,T(W(„)W^„)) + (P„^(W(„))|„.)(P„^(W(„))|„.)*. 

Consequently, we deduce that P-uTT(Wfg^\)\-j^± = and, therefore, Ti is an invariant subspace under each 
operator Tr{Wij)* and 

(7.3) ^(w.,,)*|w = *q.T(w*^-) - 1;:^. 
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for any i G {1, . . . , fc} and j € {1, . . . , rii}. 

According to Theorem 17. 1[ all the compact operators C((8)^=ii^^(-ffnJ) in i3(ig)jL;^F^(7f„J) are con- 
tained in the C*-algebra C*(Wij). Due to standard theory of representations of C*-algebras [3], the 
representation n decomposes into a direct sum tt = ttq © tt on /C = /Co ® /Ctt, where ttq, tt are disjoint 
representations of C*(Wij) on the Hilbert spaces 

/Co := spWa{ft{X)IC : X e C(®Li^^(^nJ)} and /C^ := /C([, 

respectively, such that tt annihilates the compact operators in i?((g)*LjF^(7J„J), and ttq is uniquely deter- 
mined by the action of tt on the ideal C{(^'l;^iF'^ (Hn-)) of compact operators. Since every representation 
of C{(Sii^iF^{Hn-)) is equivalent to a multiple of the identity representation, we deduce that 

(7.4) ICo^{^tiFHHn,))(^g, MX)=X(g>Ig, XeC*(W,,,), 

for some Hilbert space Q. Using Theorem 17. II and its proof, one can easily see that 

/Co := span{^(X)^ : X e C{(g>tiF^iHn,))} 

= sp[n{^(W(„)PcW^^))^ : (a), (/3) G F+ x • • ■ x F+^ } 

= spas{^(W(„)) [(/ - <I>,,,(w,))"^ ■■■(!- %..M^.)r''{I,c)] ^ : (a) e F+ X . . . X F+ } . 

Since (/ — <&gj_Wi))™^ •■•(/ — ^"^''^^ ){I) — Pc, is a projection of rank one in C*(Wij), we deduce that 

(J - $qi,,r(Wi))™^ ■••(/- ^q^,TT{Wk))"^'°{Iic„) = and dim^ = dim [range7r(Pc)] . On the other hand, 
since the Stinespring representation tt is minimal, we can use the proof of Theorem 17.11 to deduce that 

range^(Pc) = span{^(Pc)^(W^^))/i : (/3) £ F+ x • ■ • x ¥+^,h e n}. 

Indeed, we have 

range^(Pc) = span{^(Pc)^(X)/i : X e C*(W,j), /i £ H} 

= spaSmPc)n{Y)h : Y e C(«)ti^^(ff«.)), /» 6 ^} 
= spail{^(Pc)^(W(„)PcW^^))/i : (a),(/3) e F+ x • ■ • x F+^,/i e H} 
= spaS{^(Pc)^(W^^))/i : (/3) e F+ X . • . X ¥+^,h e U}. 
Now, using the fact that 

Vl/q,T(W(„)X) = P„(^(W(„))^(X))IH 

= (Pw^(W(„))|H)(Ph^(X)|H) 
for any X e C*(Wij) and (a) e F+^ x • • ■ x F+^, it is easy to see that 



(7r(Pc)7^(W*„))/i,^(Pc)7^(W*^))fc) = (/i,T(„) [(id-$,,,Tj"^ •••(irf-$,,.Tj"'=(/«)]T^^^ 



for any h,k ^ H and (a),(/3) G F+^ x ■•■ x F+^. This implies the existence of a unitary operator 
A : range 7f(Pc) -> A^rj,{I)H defined by 

This shows that 



dim [range 7r(Pc)] — dim A™,p(/)'H — dimG. 



Using relations (17.31) and (|7.4p . and identifying t/ with A™r|,(/)'H, we obtain the required dilation. On the 
other hand, due to the fact that (/ — $qi.7r(Wi))™^ ' • ' (-^~'J'(?fc.7r(Wfc))'"'°(^K:„) = 0, we can use Proposition 
ll.9l to deduce that {I — ^qj^^-n-cwi)) ■ ■ {I ^ ^qk,Tr{Wk))i^!C,r) — 0. The proof is complete. D 
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We remark that if we replace q = (gi, . . . , qk), in Theorem 1 7. 2) by a fc-tuple f := (/i, ...,/) of positive 
regular free holomorphic functions we obtain a dilation theorem for any T = (Ti, . . . , Tk) in T)f^{T-L). More 
precisely, one can show that there is a *-representation n : C*(Wij) — >■ B{IC) such that y. is an invariant 
subspace under each operator niWij)* and T*j — ■7r(Wi j)* \-u for any i G {1,. . . ,k},j e {1, . . . , rii}. 

On the other hand, note that, using the proof of Theorem 17.21 and due to the standard theory of 
representations of C*-algebras, one can deduce the following Wold type decomposition for non-degenerate 
^-representations of the C*-algebra C*(Wi.j). 

Corollary 7.3. Let q ~ {qi, . . . ,qk) be a k-tuple of positive regular noncommutative polynomials and 
let W — (Wij) be the universal model associated with the abstract noncommutative poly domain D?". // 
TT : C*(Wij) — >■ B{IC) is a nondegenerate ^-representation of C*(Wij) on a separable Hilbert space K,, 
then IT decomposes into a direct sum 

TT = TTo © TTi on /C = /Co©/Cl, 
where ttq and tti are disjoint representations of C*(Wij) on the Hilbert spaces 

/Co := span {^(W(„)) [(/ - ^^^.fWi))"' ' ' ' (^ - '^..M^.))""' (^'c)] IC : (a) £ F+ x • ■ • x F„, } 
and /Ci :— K.^, respectively, where 7r(Wi) :— (7r(Wi.i), . . . , 7r(Wi^„.)). Moreover, up to an isomorphism, 

/Co~(®tiF2(iJ„J)®g, T:oiX)=X(^Ig for any X G C7*(W,j), 
where Q is a Hilbert space with 

dimg = dim {range [(/ - $,,,,(wo)"^ ' " ' (^ - *,...(w,))"'= (^k)] } , 
and TTi is a * -representation which annihilates the compact operators and 

// tt' is another nondegenerate =>= -representation of C*(Wij) on a separable Hilbert space IC' , then -k is 
unitarily equivalent to n' if and only if dim Q = dim Q' and tti is unitarily equivalent to n'l . 

Note that in the particular case when m — (1, . . . , 1), qi := Zi^i -|- • • • -|- Zi^m for i £ {1, . . . , k}, 
and Vi = {Vi^i, . . . , V^i,„J are row isometrics such that V — (Vij) are doubly commuting. Corollary 17.31 
provides a Wold type decomposition for V. We also remark that under the hypotheses and notations 
of Corollarv 17.31 and setting Vi,j :— 7r(Wij) for any i e {1, . . . , fc} and j e {1, . . . ,ni}, the following 
statements are equivalent: 

(i) V := {Vi, . . . , Vfc) is a pure element in D|^(/C) ; 
(ii) for each i e {1, . . . , k}, lim ^^, y, (/) = in the strong operator topology; 

(iii) /C := span {!-(„) [(/ - <^,,y,r- •••(/- ^..^yj™-- (^c)] (/C) : (a) G F+ x • ■ • x F„ J . 

We mention that, under the additional condition that span{W(Q)WToj : (a), (/3) £ F+^ x • • • x F+^} 
is equel to C*(Wi.j), (eg. for the polyball) the map ^q,T in the proof of Theorem 17.21 is unique and the 
dilation of T is minimal, i.e., K. is the closed span of all V(q,)H, (a) S F+ x • • • x F+ . Taking into account 
the uniqueness of the minimal Stinespring representation and the Wold type decomposition mentioned 
above, one can prove the uniqueness, up to unitary equivalence, of the minimal dilation provided by The- 
oremO Moreover, let T' = (T{, . . . , T^) be another fc-tuple in D™(-H') and let V = {¥{, . . . , F^') be the 
corresponding dilation. Using standard arguments concerning the representation theory of C*-algebras, 
one can prove that T and T' are unitarily equivalent if and only if dim A™rp(/)(?^) = dim A™,p, (/)(H') 

and there are unitary operators U : («)f^iF^(ff„J) ® AJJ^t(^)('H) -^ (®Li^^(-^".)) «> A^^COC^ ^^d 
r : 1C.„ — >■ K-T^i such that 



for any i e {1, . . . , fc} and j G {1, . . . , rti}, and 



U 

r 



n^w. 



Corollary 7.4. Let V := (Vi, . . . ,Vk) e DJJ^(/C) be the dilation ofT := (Ti, . . . ,Tk) £ r>q{n), given by 
Theorem 17.21 Then, 
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(i) V is a pure element in D™(/C) if and only if T is a pure element in D™(7{); 

^n..v.)(U) = if and only if (I ~ $gi,Ti) •■•(/- ^q^^Tjiln) = 0. 



(ii) (/-$,,,yJ---(/-$,,,vJ(/^) = if and only if {I 

Proof. According to Theorem 1 7. 2) we have 

'{id 



(id-$P'= 



qk,Tk 



)---{id-<^l^^^){In) = Pn 



(hPk 



)---{ld^ 



'^gi,Wi)(^8j^=iF2(H„j) 



Hence, we deduce that hm, 



q=(gi,---,9fe)e2 



i^d-K 



Qk,'^k 



(id-$^^\j,J(/„) = / if and only if P„ 



/ 0' 




\n. 



in 



I. Consequently, T is pure if and only if H -L (0 © /C^). According to Theorem 17.21 this is equivalent to 
n C («)f^iF2(iJ„J) ® A™t(/)(H). On the other hand, since («>*UiF^(-ffnJ) ® A™t(/)(H) is reducing 
for each V^^, and /C is the smallest reducing subspace for Vij, which contains Ti, we must have K, = 
(<»?=i^^(^nj) «) A^tWCH). Therefore, item (i) holds. 
To prove part (ii), note that 



'■q,vV-'/c 



(Ik) 



'q,W 



(^. 



' 



:(W) 



Hence, we deduce that A™-^(/^) = if and only if A™-^(/gfc_ ^2(^ 
hand, we know that A™Y^(/^fc p2ifj^-^) — P 



/-7 



„ /^, = 0. On the other 

ci,T<.'^) 

Consequently, the relation above holds if and only if 



'q,T 



0. Now, using Proposition ll.9[ we obtain the equivalence in part (ii). The proof is complete. D 



We remark that every pure /c-tuple T £ D"^(H) with rankA™rj, = 1 is unitarily equivalent to one 
obtained by compressing (Wi, . . . ,W„) to a co-invariant subspace under W^j, where i € {!,..., fc} 
and j e {1, . . . ,ni}. Indeed, this follows from Theorem 17.21 CoroUarv 17. 4[ and the remarks preceding 
Corollary EH 
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